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Abstract

We have investigated the hydrodynamic drag force between charged particles in electrolyte solutions, specifically the electroviscous force
that arises from the distortion of the electrical double layers by the flow field. We report an improvement on the thin-double-layer theory
(S.G. Bike, D.C. Prieve, J. Colid Interface Sci. 136 (199®5-112), using a more accurdteundary conditin for the radial charge current.

The differences become important when the double layers start to overlap. We have found that nonlinear hydrodynamic effects are small,
whereas nonlinear electric effects can be significant, in some instances leading to qualitatively different behavior. If the ion diffusivities are
highly asymmetric, the electroviscous force can be reduced by an order of magnitude when there is an excess of the mobile ions in the double
layer. The common suppositidhat there are substantial diffeces in the electroviscous force preeidtby constant-charge and constant-
potential boundary conditions is incorrect; maiculations show that it is an artifact inttuced by the Debye-iitkel approximation.

0 2004 Published by Elsevier Inc.
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1. Introduction In this paper we make a detailed calculation of the elec-
troviscous force between charged plates, and analyze the

Charged particles in electrolyte solutions experience a nonlinear effects due to the flomnd the electrostatic poten-

short-range repulsive force when the electrical double layers,. .
surrounding each particle begin to overlap. If the surround- tial. We show that the difference between constant-charge

ing fluid is moving with respect to the particles, then the and constant-potential boungaconditions have a much
double layers can be distorted by the convective motion of Smaller effect on the electroviscous force than is sometimes
the ions, leading to an additional drag force on the particles, Supposed [4,5]. We use the standard Reynolds—Derjaguin
beyond the purely hydrodynamic forces that uncharged par-approximation to extend our results to charged spheres. We
ticles also experience. The largest electroviscous force oc-have improved on the thin-double-layer (TDL) theory of
curs in a squeezing flow, when two particles approach eachBike and Prieve [1], by implementing a less restrictive con-
other along the line of centers. The fluid is pushed out of the dition on the radial charge current. This leads to a signifi-
gap between the particles,rosing some net charge with it cant reduction in the predicted force when the double layers

from flow in the double layers. The ion migration sets Up gyrongly overlap and prevents the unphysical divergence of

an opposing electric field in the gap between the particles, the TDL solution as the particles come close to contact. In

which gives rise to a radially varying streaming potential. . . ;
addition we have developed an exact numerical solution,

The electroviscous force is typically much smaller than the hich b d to check I ized imati ¢
hydrodynamic force [1-3], but for highly charged particles, which can be used to check linearized approximations fo

where the zeta potential excee80 mV, the electroviscous the potential and velocity fields. We derive analytic expres-
contribution to the lubrication force may be significant. sions for the electroviscous force at small Peclet numbers

and small wall potentials. We show that the electroviscous
E— , force is sensitive to the boundary condition on the radial ion
Corresponding author. Fax: +1-652-392-9513. dth l uti h | ina doubl
E-mail address. ladd@che. ufl.edu (A.J.C. Ladd). current, and that earlier so utions tqt e overlapping double
URL: http://ladd.che.ufl.edu layer problem are incomplete [6] or incorrect [4].
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Fig. 1. Forces between two charged patrticles in electrolyte solution. The
dominant interactions are between the surface regions in the vicinity of the
line of closest approach. Besides thectrostatic force between the double
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where D, are the diffusion coefficients of each ionic
specieskp is Boltzmann’'s constant, anfl is the absolute
temperature. For simplicity, we have chosen a symmetric,
monovalent, binary electrolyte such as™&i~, with n* the
number density of the individual species. The electric field
E = — Vv is the gradient of the electrostatic potential, and
is related to the charge densjty=n* — n~ by Poisson’s
equation,

(6)

wheree = €p¢,, €p is the vacuum permittivity, ang. is the
dielectric constant of the medium. Equations (1)—(6) contain
the electrostatic and hydrodynamic interactions between col-

vy =2
€

layers and the hydrodynamic forces between the surfaces, there is an addiloidal particles, including the electroviscous force.

tional electroviscous force due to the distortion of the double layers (shaded
regions) by the flow.

2. Electroviscouslubrication

The stress in the fluid comprises the pressure, the electric
or Maxwell stress, and the viscous stress,

T=—pl +E(EE—%E2I)+17(VU+(VU)T). @)

In dense colloidal suspensions, the dominant interparticle Equation (1) follows from the momentum balance at low
forces are derived from regions of the particle surfaces that Reynolds numbel - r = 0. In the absence of flow, Egs. (4)

are in close proximity. Fig. 1 shows the typical geometry
that gives rise to the forces tweeen charged colloidal par-

and (6) reduce to the Poisson—-Boltzmann equation for the
equilibrium ion distribution,noi, and potentialyo. There

ticles. There are short-range interactions between the elec-s also a static pressure in the flui@, which balances the

trical double layers, decayinexponentially vith the mini-
mum separation distanéewhile if the particles are moving,

there are additional long-range hydrodynamic forces decay-

ing ash~1. Theories and simulations of colloidal suspen-
sions often include electrostatic and hydrodynamic forces,

but there is an additional electroviscous force due to the dis-

tortion of the double layer by the flow.

The dynamics of an electrolyte solution can be described
by incorporating the electric stress into the momentum bal-
ance,

Vp=nVau+ pE, (1)

whereu is the fluid velocity,p is the charge densit§ is
the electric field, and) is the viscosity of the fluid. Equa-
tion (1) neglects inertial effects, which are typically small in

colloidal suspensions, and thaifl is treated as incompress-
ible,

V.u=0. (2)

In dilute solution, the solvated ions obey a convection—
diffusion equation,

ant+v.J3E=0, (3)

but since the ion relaxation time is much less than the dif-
fusional relaxation time of the particles, the time dependent
term will be neglected, i.e.,

v.-J =0 4
The flux in Eqg. (4) contains diffusive, conductive, and con-
vective contributions;

D:I:
Jt=_Dprvpt :I:ni—eE —l—niu,

iaT (®)

electric stressV po + poVyo = 0. The electrostatic stress
derived from solutions of the Poisson—-Boltzmann equation
give rise to the DLVO theory for the interactions between
charged colloidal particles [7].

3. Boundary conditions

In this work, we will focus on interparticle forces that
are directed along the line of centers, which make the dom-
inant contributions to the rheology of dense suspensions.
Tangential lubrication is a small correction to the suspen-
sion stress and contains no electroviscous contribution for
monodisperse particles [1]. For particles with different radii
of curvature, tangential motion does give rise to a weak
charge flow and therefore a small normal force, but this is
negligible in comparison to the force derived from normal
motion. The problem sketched in Fig. 1 therefore has the
following boundary conditions.

e No-slip boundary condition on the surface of particles,
u(r € S*) = F(1/2)upd., whereS* represents the up-
per(+) and lower(—) particle surfaces, andlindicates
a unit vector.
Idealized boundary conditionsifthe electric potential.
Constant surface potential;(r € S*) = v, or con-
stant surface charge density, = en(r € S*) - Vy (r €
S*); nis a unit vector normal to the surface.
lons do not penetrate the particle surfaces, so that
JEreS*) -n(resSt) =0.
e Far-field boundary conditions) = 0, n® = n,, and

Y =0.
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It should be noted that in reality the ion flux at the particle Table 1
surface is not exactly zero, but should match the convective Diffusivity of ions in the water (/s) at 25°C

flux due to the moving interface. The increase in charge den- cation Anion

sity is compensated by the reduced gap between the platesy+ 1.96x 10-2 Br- 208x 10-2
conserving the total charge in the system. However, within H+ 9.31x 107 cl- 2.03x 1079
the framework of the quasistatic approximation, changes in Lit 1.03x 107° F- 1.46x 107°
the position of the particle surfaces are neglected and thusNa" 1.33x 1079 1~ 2.05x 10
we only obtain a stationary &dion under the conditions that OH™ 530 10°°
J¥.n=0.

The-natural Ien_glth scale in the groblgm is the Debye The ion asymmetry ratigy, varies significantly with the rel-
screening lengthy ™" = v/ekpT/2noce?, which character-  a4ve sizes of the ions, from-0.7 for lithium hydroxide to

izes the thickness of the electrical double layer. The ap- 7 ¢o, hydrogen fluoride; in solutions of alkali halides
proach velocity of the particles (see Fig. 1) then sets a g5 in the range-0.3 < x < O (see Table 1 for selected ion
characteristic convective time scaleox )Z—i.lThere is also giffusivities). The electroviscous force in highly anisotropic
a characteristic diffusive time scal@«<)”", where D = electrolytes| x| ~ 1, is sensitive to the sign of the wall po-
(DT + D7)/2 s the mean ion diffusivity. The ratio of these (o ntig| (see Fig. 4 below) and it is therefore not always suf-
two time scales sets the ion Peclet number, ficient to describe the electrolyte by its conductivity alone.
The Hartmann number, Ha, characterizes the strength of the
electrostatic interaction over the effective ion stzel' /n D,

and is of order 0.3 under typicaxperimental conditions;
millimolar concentrations of alkali-halide at room tempera-
ture. In numerical calculations we have taken the viscosity
of water to be 93 x 102 kg/(ms) and the Debye length
x~1 =9.63 nm, which is characteristic of millimolar con-
centrations of monovalent electrolytes.

ug

Pe= D’ (8)
which is about 5 orders of magnitude smaller than the par-
ticle Peclet numberyoa/D,, where D, is the diffusion
coefficient of the colloidal particles. Numerical calculations
show that nonlinear effects aregiigible for ion Peclet num-
bers Pe< 0.1 (see Fig. 2 below), or particle Peclet numbers
less than 1f)

We define dimensionless variables, indicated by a tilde,

in terms of these characteristic scales: N
4. Narrow gap approximations

v v o ont = p
= —, n = , = , . . . .
kgT Nool p 2N The solutions of the equations for the fluid velocity,
- 0] ~ Ds charge densities, and electric potential are simplified by as-
Po=—>5-, Ps = . (9) ; i -
nk2D nKuo suming that the particle sufes are locally flat. The equa:

tions are then solved in a flat plate geometry, with de-
fined as the planes = +h/2, and the resulting stress on
the particle surface is integrated over all separatiéng;)

(see Fig. 1). This is the essence of the Reynolds lubrication
approximation used in fluid mechanics, and the Derjaguin
approximation used to calculate the electrostatic force. The
approximation becomes exact ahthe separation between

The pressurey = po + ps, has been decomposed into a sta-
tic pressurepg, and a dynamic or streaming pressupg,

the scaling of these two contributions is different. Note that
the charge density has been normalized by the total ion den-
sity, 2noe, to preserve the standard definition of the Debye
screening length in the dimensionless governing equations:

Pe¥2i = ¥ jo + PeV j, + Hap Vi, (10) th_e surfaces is much smaller th_an the par_ticle radius, anq we

- will follow the same approach in calculating the electrovis-

V-0=0, (11) cous force. A cylindrical coordinate system is chosen, with

V-3E =V [-A£ Vit F A+ 0TV the z-axis along the center line between the two particles
i Peﬁ:tu] -0 (12) and the origin at the m|dp0|n.t, while theaxis lies in Fhe

o transverse plane. In the remainder of the paper we will work

V2 = —p. (13) exclusively with reduced variables and fields, and therefore

There are two additional dimensionless numbers besides thedrOp the tildes in subsequent EXpressions. D
A flat-plate geometry allows for significant simplifica-

Peclet number that characterize the solutions of these equa-

tions; the ion diffusivity ratioy, and the Hartmann number tions in qu. (10)_(.13); n parycular, the ion dens_|t|e§X .
and the axial velocityu;) are independent of radial posi-

Ha: tion. The equilibrium statew= 0) is described by the one-
Dt — D~ dimensional Poisson—Boltzmann equation,
X=—T
Dt + D-
3%y = sin , 15
4= nDe2 — nDk? (14) ng =ev’°, (16)
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where the equilibrium charge densitiﬁz§ and electric po- Itis important to point out that Egs. (19), (21) and (23) make
tentialyg are functions of only. The solution of these equa-  up an exact, self-consistent solution to Egs. (10)—(13) for the
tions is well known for boundg conditions corresponding  specified boundary conditionft is reasonable to suppose

to constant surface charge density, that the solution is also unique, although this has not been
_ proven.

ow = +0:Yo(+h/2), . (17) The streaming potentiakys, drives a radial ion flux,

and constant surface potential, T Pen®y,r/2, which at steady state balances the electric

Yw = Yo(+h/2), (18) current arising from the flow of excess counterionisy, ;

and form the basis of the Derjaguin—Landau—\Verwey— Jri:_Pngi[i(liX)l//s +3Zuz]£,
Overbeek (DLVO) theory of collidal aggregation. The exact 2
boundary conditions to the Poisson equation (Eg. (15)) de- where we have used the inmopressibility condition (Eqg.
pend on molecular level interactions between ions, water (11)) to eliminate the radial velocity. We note that there
molecules, and surface atoms, but these two conditions servas no diffusive contribution to the radial ion flux, since
to bound the range of possible solutions. Both boundary d,n* = 0. The boundary condition on the radial charge cur-
conditions give similar solutions for the electric potential rent,ffézz(ﬁr — J7)dz =0, can be used to determine the
and charge distributions, except when the double layers arestreaming potential in terms of the ion densities and velocity

(24)

strongly overlapping. field,
Particle motion perturbs the ion distributions from their .
equilibrium state, and the flow of charged particles induces 0/ pozuzdz

o . X . . =——0_ - " (25)
additional stresses in the fluid besides the viscous stresseéﬁs f(f/z(n + xp)dz

that arise in neutral fluids. To simplify the problem, we as-
sume that the charge distrition on the particle surfaces is  where the total ion density = (n + n_)/2. Equation (25)
unaffected by the flow, and therefore independent of radial is sufficient to determine thereaming potential and ensure
position. Ignoring the radial polarization of the double layer that there is no electric curreat steady state. Nevertheless,
leads to errors in the electroviscous stress that are secondnore restrictive conditions have been used in the past. Bike
order in the ion Peclet number, and are small under typical and Prieve [1] approximated the integral in the denomina-
experimental conditions. Moreover, there is no radial varia- tor of Eq. (25) byk/2, ignoring the variation in ion density
tion in ion density in the case of constant charge boundary near the plates. Muller [6] assumed that the mobilities of
conditions. both species were the same (i.g.= 0). Warszynski and
The assumption that the surface charge density is inde-van de Ven [4] set the radial charge flux to zero at evgry
pendent of radial position allows for a quasi one-dimensional an even more restrictive condition that leads to incorrect
solution of Egs. (10)—(13), where the charge densities andsolutions even at large separations between the plates (see
axial velocity remain functions af only. The electric poten-  Fig. 5 below). It is worth noting that incorporating the cor-

tial must then be of the form rect boundary condition on the charge current does not lead
Pe to any additional mathematical difficulties.
Y(r,2) = ve(2) + Z%r ’ (19) The narrow-gap approximations reduced the problem
in order to satisfy both the Poisson equation, specified by Egs. (10)—(13) to the solution of four coupled
ordinary differential equations, eliminating the pressure and
e (2) + Peys = —p(2), (20) radial velocity field. The axial velocity field, satisfying the
and the symmetry condition(r, —z) = ¥ (r,z). The z- boundary conditions on, andu, = —rd.u;/2, can be writ-

dependent potentia.(z) is in general different from the  ten explicitly in terms of the electric potential,
equilibrium potentiak/o(z), while ¥ is constant because of

3
the symmetry condition. The momentum balance simplifies u_(z) = (2% - §)(1~|— 2Hay;1.)
to a single equation for the axial velocity h 2h
Z
4 —
az uz(Z) + HaWSazp(Z) - 01 (21) _I_ Haw; /[]//e(zl) _ ,‘//e(h/z)] dZ/, (26)
while the incompressibility corition sets the radial velocity 5
field,
- wherel, is an integral of the electrostatic potential,
ur(r,z) = _Eazuz(z)~ (22) hy2
Finally, the continuity equations for the ion currents also ; _ /[we(z) — Yo (h/2)] dz. (27)
simplify to one-dimensional equations: 4
2 + + +
(1% 0[5 (2) £ 8:n7 ()0 e (2) £ Peyrsn™(2) ] In addition the streaming potential can be determined from

= Peu,(2)9.n~(z). (23) moments of the ion densities and electric field, starting from
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Eq. (25), 0.08
h/2
Vs :2418/!2h3/(n+xp)dz L 0.04 .
0
h/2
2Hah3/ 9 2 dz — 48Hal? + Pen3!. 0.00 :
+ {0:ve (@)} dz et 0 10 20 30 40 50
0 h
(28) (a) Pe=10

We have solved the nonlinear electroviscous equations
numerically, beginning with the equilibrium ion densities,
nojE (Egs. (15) and (16)), and evolving these densities in time
through the convection diffusion equation, Eqg. (3), until the
steady state densitiest, are reached. At each step the po- & 004
tentialsy; (Eq. (28)) and/. (Eq. (20)) are determined self-
consistently, followed by the velocity field (Eq. (26)). We
use a staggered one-dimensional grid with second-order spa- 0.00 . ) .
tial differencing to calculate the ion fluxes, which are then 0 10 20 30 40 50
used to update the charge densities. Successive over relax- h
ation (SOR) was used to speed convergence to steady state. (b) Pe=01
Spatial and temporal convergence was always achieved withrig. 2. Electroviscous force at high Pechumbers. The dimensionless elec-
100 grid points and 3000 iterations. troviscous force between a pair of flat platg®(k) is shown at ion Peclet

The dynamic force is calculated by integrating the dy- numbers of 1 and.Q. E‘x_act numerical sol_utiong (solid lines) for‘con_stant

. f 2 2 charge boundary conditions are comphvéth a first-order approximation
nazmIC axial stress from Eq. (7)—’]73 - (Hapews /8)(r* — . in the ion Peclet number (dashed lihesd the asymptotic approximation
R?) + 20,u., over the surfaces of the plates. The dynamic given by Eq. (33) (dotted lines) at a reduced wall potentigl= —1. Note
pressure is separable into a sum reflependent and- that y, is the wall potential for stationary plates, and differs from the wall
dependent contributions, which can be obtained separatelypotential when the plates are moving by the streaming potentig Fe/4.
from the radial and axial momentum balances,

0.08

can be calculated analytically, using the asymptotic results

ps = —(h—33(1+ 2Hay,1,) — %(HaPa&f))(rz —R? I, (h — 00) = —r,h/2 andiyrs (h — 00) = —6r,/ h3,
12 Hay2
+ dzu; + Hay . (29) fo%v(h) _ hza‘//w ’ (33)

The static pressurgp = (Ha/2)(3,v.)?, balances the static
Maxwell stress in the fluid. The dynamic stress is indepen- Which is the standard thin-double-layer approximation.
dent of z, except for a small residual variation in the hy- Characteristic deviations iff®’ from its asymptotic value
drodynamic stress,z8/h3 — 3/2h, which vanishes at the ~ are illustrated in Fig. 2 for reduced wall potentigls = —1
surfaces of the plates. The dynamic stress on the plates@nd ion Peclet numbers of 1 and 0The electrolyte is taken
7, = 7! + &, can then be decomposed into a hydrodynamic to be millimolar NaCl, so that He- 0.277 andy = —0.208.
component

thr) = h_i(rZ —R?), (30) 5. Linearized solutions
and an electroviscous component At low Peclet numbers, the electric and hydrodynamic
3H Peu2h3 fields can be expanded as power series in the Peclet num-

tV(r) = _36‘(21/fs I, — eys )(rz — R?). (31) ber, and to linear order in Pe the velocity field is determined

h 8 by the equilibrium potential)p. The streaming potential can
The ratio of electroviscous to hydrodynamic streg$;, is then be calculated directly frorhé electrostatic potential for
given by ther-independent ratio, stationary plates (Eq. (15)),

Pew2h3 h/2
ev _ _ s .
fh) = Ha<2Wslg 8 > (32) Vs = 1210/!;13/ COSf{Wo(Z)] —x Slnh[lﬂo(z)] dz
0

If the gap between the plates is sufficiently large, the
integrals determinind, and y; are dominated by the un- h/2
charged region outside the electrical double layers, where + Harn® / [azilfo(Z)]zdz — 24 Hal? t, (34)

n=1andp = v, = 0. Then the largé: behavior of f¢V 5
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0.08 :
between constant-charge and constant-potential models of

the electroviscous force that is sometimes reported in the lit-
erature [4] is caused by the Debye—Huickel approximation,
which leads to an unphysical divergence at small separations
(see Section 7).

The electroviscous effect always leads to an enhancement
of the lubrication force, as shown in Fig. 4. The wall poten-
tial sets the overall magnitude of the electroviscous effect,
which is proportional tay2 at low wall potentials; at higher
wall potentials, nonlinear effects reduce the predicted elec-
troviscous force from the Debye—Hiickel result. The electro-
viscous coefficient is proportional to the Hartmann number
at low surface potentials, but shows a stronger dependence
on Ha as the wall potential increases.

Our results agree qualitatively with Muller’s calcula-
tions [6] in the case where the ion diffusivities are equal
(x = 0), although the absence of detail in that paper pre-
vented us from making a precise comparison. However, in
electrolytes where the ion diffusion coefficients are signifi-
cantly different, the electroviscous effect is sensitive to the

L, 0.04

0.00

(b) v = =2 sign of the wall potential as well, as can be seen by compar-
Fig. 3. The electroviscous force on airpaf flat plates with different elec- ing the data for HF (solid squares) in Figs. 4b and 4c. In this
trostatic boundary conditions; constant potential (solid line) and constant cgse the electroviscous enhancement is about 5 times larger
charge (dashed line). for positively charged surfaces, where the double layer con-
_ . o _ tains an excess of the less mobile ions, than for negatively
wherely is the integral of the equilibrium potential, charged surfaces.
/2
o= /[‘/’O(Z) —Yo(h/2)]dz. (35) 6. Electroviscousfriction between spherical particles
0
The dynamic stress and electroviscous enhancementare also The interaction force between spherical particles,
given by linear approximations in Pe, R
3 Fy,=- / Tw(r)2mr dr, (38)
T (r) = [ﬁ(l + fev)i| (r? — R?), (36) ! !
&= 2Hay; Io. (37) can be calculated from the results for planar surfaces us-

ing the geometric approximation due to Reynolds and Der-
njaguin. It divides an axisymmetric surface into locally flat
rings and sums the normal force on the surface of each ring.
The stress at each radial position is obtained by integrating
9, Ty from the outer boundary,

Fig. 2 shows that the linearized solution is valid for ion
Peclet numbers less than one, a condition that is satisfied i
most physically relevant cases. There is one caveat to this
result, which comes from the assumption that the charge
density is only a function of axial position. While this is true

for both linearized solutions and nonlinear solutions with R

constant charge boundary condits, fully two-dimensional ¢, () = — /(8r Tw)|h , (39)
solutions are possible, with radial variations in charge den- J g

sity.

using the local-curvature approximation to the height be-

In a linearized solution the surface charge density is in- tween the surfaces, = i + r2/R. The radial derivative

dependent of the velocity of the plates, but not necessarilyof the stressd,,,)|n, = 6rh—2[1+ fe(h,)] is taken from
rtw r r r

o o sl comaan e Fesl ot fal ies, 6, (30 We consderony e -
" P . . brication limit » <« R, and take theR — oo limit in both
charge boundary conditions. The charge density and equiva-

lent electric potential are matched at large separations [7] integrals. The hydrodynamic force evaluates to the well-
poter g€ separe "known lubrication theory expressiof” = 37 R?/2h, and
and the electroviscous forces are therefore similar when

. the electroviscous force can then be expressed in terms of
h > 1. When the double layers begin to overldp<( 5), . _the hydrodynamic force, the Peclet number and an electro-
the constant-charge model has a stronger electroviscous in

- s
teraction than the constant potential model, but the differ- viscous coefficienty™(h):
ences are not large until ~ 1. The qualitative difference  F'(h) = g®(h) F" (h). (40)
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(b) '/fw =-2

6 8 1

0.6
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0 2 4

h
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Fig. 4. A comparison of the eleaviscous force for two different electrolytes NaCl (circlgs:= —0.208, Ha= 0.277) and HF (squares; = 0.729,
Ha = 0.0863). The solid symbols indicate solutions obtained using the nonlineéssdPe-Boltzmann equation for theeetrostatic potential and the open

symbols indicate solutions obtainesding the Debye—Huickel approximation.

The electroviscous coefficient can be determined from the
electrostatic potential for flat plates,

xR ev h//
ge"(h):Zh// 7fh’(’3 )dh”dh’, (41)
bW
and the total dynamic force is given by
37 R?
Fulh) = =2 —[1+™M)]. (42)

Given the equilibrium electrostatic potential for flat plates,
the electroviscous coefficiegf¥ can be determined by nu-
merically integrating Eq. (41), using Egs. (34) and (35) to
determiney, and Ip. For wide gapsk, > 10), where there
is no significant overlap of the double layers, we use the
Gouy-Chapman solution for an isolated plate to determine
the electrostatic potential. Otherwise (< 10), the electro-
static potential is obtained from a finite-difference solution
of Eqg. (15).

For widely separated spherical particlesy 1, the elec-
troviscous drag coefficient reduces to the TDL result [1],

2 Hay2
gy = — 5.

Fig. 5 compares the asymptotic TDL theory (Eqg. (43)) with
the exact linearized theory £ (41)) at reduced wall po-
tentials ¥, = —1 and v, = —2. In both cases the TDL
solution is in essentially exact agreement with the linearized
theory forh > 1, but exhibits an unphysical divergence at
small separations. The deficiency of the TDL approximation

(43)

0.2

Fig. 5. A comparison of the predicted electroviscous force in millimolar
NaCl electrolyte solution: solid line—Eq. (41), dashed line—Ref. [4], dot-
ted line—TDL solution [1].

at small separations will be made clear in the next section.
An earlier attempt to improve on the TDL approximation [4]
leads to a substantial ovetisate of the electroviscous fric-
tion (see Fig. 5), due to the artificial constraint that the radial
ion flux is zero at every axial position.
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7. Debye-Huckel approximation

In general, the-dependence of; andlp cannot be ex-

pressed analytically, and the force between curved surfaces

must be determined by numerical integrationgtr). How-
ever, if the surface potential is smaill{, < 1), the solution
of the linearized Poisson—Boltzmann equation,

coshy
Yo(z) = mea (44)
can be used to explicitly calculayf":
2,272

1—xYull=TH/2)]

The functionT (x) = 1 — x~ltanhx vanishes as?/3 for
smallx, and tends to unity fox > 1. For large separations
between the plates: (> 1) we recover the asymptotic ex-
pression for £ found in Eq. (33), which shows that the
Debye—Hiickel approximation is always valid at sufficiently
largeh.

The Debye—Huckel approximation is adequate for wall
potentials up to about 25 m\(~ 1), with errors of less
than 1% in the total dynamic force (Fig. 4a), butjgt = —2
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solution of Eq. (47),

Yo(@) = vhu + tanhww[ cost(/COsh7,2)

cosh(y/coshy,h/2) 1}’ “9
can be used to evaluate the nonlinear electroviscous force in
the limith — 0O:

Hasintf ,,h2
- 12(coshyr, — x sinhyry,)
Equation (49) reduces to the Debye—Hckel result (Eg. (46))

whenvy,, « 1, but remains finite for any combination g@f
andyr,.

& —0) (49)

8. Conclusions

In this paper we have recalculated the electroviscous
force between charged sades. Our calculations include
a nonlinear solution for high-Peclet number flows, but a
comparison with linearized solutions shows that these ef-
fects will be small under almost all experimental condi-
tions. Thus the majority of our calculations use equations
that have been linearizeditv respect to the Peclet num-

the errors in the dynamic force can be as much as 109 ber. We have found that commonly assumed simplifications,
(Fig. 4b). The sign of ¥, has a significant effect on the ac-  Such as the Debye—Hiickel approximation or the assump-
curacy of the Debye—Hiickel approximation if the electrolyte tion that the ion diffusion coefficients are equal [6], can lead
has highly asymmetric ion diffusivities, as is the case for t© substantial errors in the predicted electroviscous force.
aqueous HF for example. In this case Debye—Hiickel is es-IN particular the Debye—Hyiickel approximation consistently
sentially exact for negative wall potentials (Figs. 4a and 4b), overestimates the strength of the electroviscous interaction,
but for a positive wall potential the linearized Poisson— particularly for constant charge boundary conditions. The
Boltzmann equation leads to an unphysical divergence in Poisson—Boltzmann solution of the electrostatic equations
the electroviscous coefficient, as illustrated in Fig. 4c. The Shows that the actual difference between constant charge and
nonlinear Poisson—Boltzmann solution of the same problem constant potential is quite small. Itis also essential to balance

shows that this is an artifact of the Debye—Hiickel approxi- the radial charge current correctly. Much of the discrepancy
mation. From the small expansion of Eq. (45), between the present results and those in the literature oc-

curs because of incorrect assumptions [4] or assumptions
Hal/f,%hz that are only valid at large separations. The thin-double-layer
theory [1] greatly overestimates the magnitude of the elec-

121 — x ) + O(hz) ' . !
it can be seen that the divergence is caused by a singularity introwscous force at separations less than 5 Debye lengths.

the streaming potential, which can occur at finite separations
whenevery v, > 1.

The smallk behavior of f¢V can be calculated more pre-
cisely by linearizing Eq. (15) about the wall potential,

£ 0) =

(46)
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