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Lattice-Boltzmann simulations of the dynamics of polymer solutions
in periodic and confined geometries
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A numerical method to simulate the dynamics of polymer solutions in confined geometries has been
implemented and tested. The method combines a fluctuating lattice-Boltzmann model of the solvent
[Ladd, Phys. Rev. Lett70, 1339 (1993] with a point-particle model of the polymer chains. A
friction term couples the monomers to the fljihlrichs and Diinweg, J. Chem. Phygl1, 8225
(1999], providing both the hydrodynamic interactions between the monomers and the correlated
random forces. The coupled equations for particles and fluid are solved on an inertial time scale,
which proves to be surprisingly simple and efficient, avoiding the costly linear algebra associated
with Brownian dynamics. Complex confined geometries can be represented by a straightforward
mapping of the boundary surfaces onto a regular three-dimensional grid. The hydrodynamic
interactions between monomers are shown to compare well with solutions of the Stokes equations
down to distances of the order of the grid spacing. Numerical results are presented for the radius of
gyration, end-to-end distance, and diffusion coefficient of an isolated polymer chain, ranging from
16 to 1024 monomers in length. The simulations are in excellent agreement with renormalization
group calculations for an excluded volume chain. We show that hydrodynamic interactions in large
polymers can be systematically coarse-grained to substantially reduce the computational cost of the
simulation. Finally, we examine the effects of confinement and flow on the polymer distribution and
diffusion constant in a narrow channel. Our results support the qualitative conclusions of recent
Brownian dynamics simulations of confined polymglendrejaclet al, J. Chem. Phys119, 1165

(2003 and Jendrejaclet al, J. Chem. Phys120, 2513 (2004]. © 2005 American Institute of
Physics [DOI: 10.1063/1.1854151

I. INTRODUCTION monomer<,® which is not always sufficient to determine
) ) ) ) accurate rheological properties of flexible ponm@?dn a
Numerical simulations of the dynamics of polymer solu- semjgilute solution oN, chains, the computational cost of

tions are computationally demanding because of the widgownian dynamics increases further, in proportiorNﬁoor
range of length scales and time scales in the system. Hydrgs3 ; At
g 9 Yy YOI depending on the method of factorization.

dynamic interactions are necessary to obtain even qualita- In addition to the unfortunate scaling of the computa-

tively cqrrect _scahng Iaws, but Brownian dynam|c§, the StaN3jona| cost, Brownian dynamics is not easily extended to in-
dard simulation technique for polymer solutions, then

. . . clude external boundaries and flow fields. No-slip boundaries
becomes computationally expensive. The time to calculate

. . fequire a complicated Green’s function even for channel
single step for a chain oN segments scales d@¢®> when g P

o : g . flows? while more involved geometries can only be handled
hydrodynamic interactions are included, with the computa; " . .
. . o .. by finite-element or boundary-element methods. Brownian
tional cost dominated by the factorization of the mobility

matrix. To calculate avera ) : . qynamics has no straightforward way of including any exter-
) ge properties, the simulations mus ! . .

be performed over many Zimm relaxation times; nal flow field beyond a simple linear §hear flow. More.com-
~ 7b3N®/T; herep is the solvent viscosityy is the segment plex flows require a coupled calculation of the evolution of
length, T is the temperature, and the excluded-volume expozhe fluid velocity field with the dynamics of the particle

nent »v=0.6. The number of time steps required for Compa_chains. Even the great advantage of Brownian dynamics,

rable statistical accuracy in the diffusivity or other average’VNich is the capability to solve directly for the dynamics on

property is therefore proportional %%, Thus, the overall the diffusiye time scale, is_ negated by the very_small time
computation time for a dynamical simulation scales\4s, ste!o that is necessary to integrate the gtochast|c equations,
although an approximate factorization of the mobility YPically 10t for moderate length chainN~100. We
matrix>? reduces this toN®®, but with possible loss of posi- Will see that comparable time steps can be used in inertial
tive definitenesd.Still, the maximum chain length that can Simulations.

be studied by Brownian dynamics is of the order of 100 ~ The computational method presented here is based on a
fluctuating lattice-Boltzmann model of the fluid phdsé,

which includes thermally driven fluctuations in the fluid ve-

dElectronic mail: ousta@che.ufl.edu

YElectronic mail: ladd@che.ufl.edu; URL: http:/ladd.che.ufl.edu/ locity field via random fluctuations added to the stress tensor.
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random fluctuations are local in space and time, avoiding anference between the velocity of the monomer and the local
factorization of the covariance matrix. Instead, initially un- velocity of the fluid. The force exerted by the monomers is

correlated fluctuations develop in space and time by viscousedistributed back into the fluid; in other words there is a

diffusion of momentum, giving rise to hydrodynamic corre- two-way coupling of the momentum transfer. The method

lations at sufficiently large spatial and temporal scales. Nuprovides a straightforward and computationally efficient al-

merical simulations have shown that the dissipative and flucternative to Brownian Dynamics, but incorporates the same
tuating hydrodynamic interactions between finite-sizelevel of description of the hydrodynamic and thermodynamic

particles can be reproduced quantitati\fély:omputation— forces, although they are simulated on the inertial rather than
ally, the lattice-Boltzmann method is inherently and straight-the diffusive time scale.

forwardly parallelizable, enabling large simulations to be

spread across a cluster of processors with a relatively low

network bandwidth. . .

The lattice-Boltzmann method has been used for a WidéA' Lattice-Boltzmann equation
variety of complex flows, including suspensions of  The fundamental quantity in the lattice-Boltzmann
colloidal®*® and noncolloiddl™ particles, and porous model is the discretized one-particle velocity distribution
medial’° Since the fluid equations are solved on a grid,function n(r,t), which describes the mass density of par-
external boundaries and imposed flow fields can be includeticles with velocityc;, at a particular node of the lattice at
at no additional computational cost. However, suspended discrete time. The hydrodynamic fields, mass density
solid particles occupy a substantial fluid volume, typically of momentum density=pu, and momentum fludl, are mo-
the order of 100 grid points, and interact with the fluid ments of this velocity distribution:
th_rough boundary npde; distributed on the_ particle §urface. p=3n, j=3nc, M=3ncc. (1)
Since the computation time of the method is proportional to
the fluid volume, the suspension model is unnecessarily exthe time evolution of(r ,t) is described by a discrete ana-
pensive for polymer solutions, where the monomers can b®gue of the Boltzmann equatiéh,
modeled as point forces couupled to the fluid by a friction n(r + GAL t+At) = ni(r,t) + A[n(r, )], ()
coefficient,£. Ahlrichs and Dinweg integrated this frictional
coupling into the fluctuating lattice-Boltzmann model andwhereA; is the change im; due to instantaneous collisions at
investigated the static and dynamical scaling laws of indithe lattice nodes andt is the time step. Somewhat surpris-
vidual polymers and semidilute solutioffe?! ingly, this simple evolution equation is second-order accurate

In this paper we report extensive tests of this method foin space and time. The numerical diffusion that usually ac-
individual monomers, as well as applications to the diffusioncompanies a low-order grid-based method is eliminated by
of polymer chains in periodic and confined geometries. Wwdhe relationship between the eigenvalues of the linearized
show that the Oseen limit of the dissipative and fluctuatingcollision operator and the fluid viscosity.
hydrodynamic interactions between two monomers is ob- The standard 19 velocity model comprises stationary
tained for separations larger tham, the grid spacing of the particles and the 18 velocities corresponding to[#@#)] and
lattice-Boltzmann model. We also show that the radius of110] directions of a simple cubic lattice. The population
gyration, end-to-end distance, and diffusion coefficient of adensity associated with each velocity has a weighthat
flexible excluded volume chain agree quantitatively withdescribes the fraction of particles with velocdyin a system
renormalization group calculatioffsfor chains up to 1024 at rest; these weights depend only on the spgeahd are
monomers. A coarse-graining of the hydrodynamic interachormalized so thak;a%=1. The optimum choice of weights
tions has been investigated, which suggests the possibility der this model is
a considerable speed up in the computation for large chains. _o_1 1_1 Z_ 1

: A . . . a=3 a=g, a“°=z. (3)
Despite the extra inertial time scale, our simulations use time
steps that are comparable to Brownian dynamics, and therda these simulations we use a three-parameter collision op-
fore achieve a more favorable scaling of the computationaérator, allowing for separate relaxation of the five shear
time with chain length. We briefly investigate the effects of modes, one bulk mode, and nine kinetic modes. The post-
confinement and flow on the polymer distribution in a two- collision distributionn/=n;+A; is written as

dimensional channel. ¢ . (puu + TI"e9%): (c.c; — c§1)> “

n’ = aci<p +—
' c? 2c?

Il. SIMULATION METHOD = ) .
where the sound speey=Ax/\3At, Ax is the spacing be-

The simulation method couples a standard model for aween neighboring fluid nodes, art is the time step. In
flexible polymer with a lattice-Boltzmann model of the sur- suspensions of moving particles, the nonlinpau term in
rounding solvent, which includes the thermal fluctuations inEg. (4) should be retained, since it maintains Galilean invari-
the fluid velocity field. The polymer is modeled as a chain ofance and prevents an artificial cross-stream drift. Empiri-
interacting mass points, coupled together by springs with @&ally, we have found that the domain of validity of Stokes
rest lengthb. Other models, such as a wormlike chairgan  flow is considerably larger with the nonlinear term in place.
well be equally implemented. The fluid exerts a frictional ~ The non-equilibrium momentum flufI"®%=3;n"*%;c;
drag force on each monomer in the chain, based on the difelaxes due to collisions at the lattice nodes,
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TINe9* = (1 +)\)TI"e%+ %(1 +\,) (1% 1)1, (5 R, together with the constraint th& is traceless. Random
numbers spanning a finite space are advantageous since
wherel1"*%=T1-T1%, T1°%=pcZ+puu is the equilibrium mo-  the change in any one step is then limited. We use integer
mentum flux, andlI"®9indicates the traceless part bif¢4 random  numbers [-2,-1,0,1,2 with  weights
The parametera and )\, are eigenvalues of the linearized [1/12,1/6,1/2,1/6,1/12to obtain a unit variance and
collision operator and are related to the fluid shear and bulkecond-order accuracy in time.

viscosities: An analogy with fluctuating hydrodynamiGssuggests
that
1 1 2pc? (1 1)
2 S
=—pCiAt| =+ =, =———At| —+ | 6
7=~ pCs <>\ 2) M 3 AN "2 (6) §:< 2Ty )1/2 . :<2T77U)1/2 a
ACAL) T Y \AXCAL)

The factor of 1/2 serves to correct for numerical diffusion,

so that viscous momentum diffuses at the expected speed farhere T is the thermal energy in units af,Ax?/At?, and

the given viscosity. my=pAx3/36 is taken to be the rest mass of an individual
In the presence of an externally imposed force derfsity population density. However, detailed calculations show that

for example a pressure gradient or a gravitational field, theliscrete lattice artifacts again modify the results for continu-

time evolution of the lattice-Boltzmann model includes anous fluids®'°The correct coefficients, determined by relating

additional contributiorf;(r ,t), the decay of long wavelength stress fluctuations to the vis-
. . . 0
N +GALE+AD = (1) + (1,0, ) cosity of the lattice-Boltzmann fluid /a%
. . . . . 2\ 1/2 2T 2\ 1/2
This forcing term can also be expanded in a power series in /= <2T;7)\ ) . L= (%}‘v (12
the velocity, AxCAt AxCAt
Jtoa f+iu)(eg - ) There is an additional multiplicative factor ai\? [cf. Eq.
fi=a" C— + o0t A (8) (12)], but for A\=\,=-1, an exact correspondence with the
s s fluctuation-dissipation relation for continuous systems is ob-

More accurate solutions to the velocity field are obtained if ittained. However the discrete versipig. (12)] can also be
includes a portion of the momentum added to each ndde, applied to systems where the viscous eigenvalues are not
L 1 equal to -1°This may be advantageous in problems where a
J=pu = E nic; + 3fAt. (9 time-scale separation is required between hydrodynamic and
' kinetic modes.
The macrodynamical behavior arising from the lattice-
Boltzmann equation can be found from a multiscale
analysis’ using an expansion parameter defined as the C. Polymer-fluid coupling
ratio of the lattice spacing to a characteristic macroscopic
length; the hydrodynamic limit corresponds ¢e<1. It can
be shown that the lattice-Boltzmann equation reproduces th
Navier—Stokes equations with corrections that are of the o
der u? and €. Thus, at sufficiently low Mach numbers, the
method is second-order accurate in space, with relative erro
proportional taAx?. It is also second-order accurate in time if
the viscosities are defined according to Es).

The polymer chain is represented by a bead-spring
model with an equilibrium bond length between neighbor-
ﬁ'\g beads. The spring stiffness=30T/b?, was chosen so
That the fluctuations in bond lengtfir —b)22=b/30, were
small in comparison with the radius of gyration of the chain,
ﬁg. A hard-sphere excluded-volume interaction between the
monomers was included, with collision diametg2. Other
excluded volume and intrachain potentials could be equally

well used.
B. Fluctuations The equations of motion for the monomers are written in
. ) inertial form,
The lattice-Boltzmann model can be extended to include @
thgrmal fluc_:tuatlons, which lead to Brownian motion of gol = V(XN + F, (13)
loidal particles and polymers. The fluctuating lattice- dt

Boltzmann modél*? incorporates a random component into

the momentum flux during the collision procégsé Eq.(5)]: where is the total potential energy, arﬁj is the hydrody-

namic force exerted on beddby the fluid. The Brownian
Ined” = (1 +)\)ﬁneq+ %(1 +\,) ("% 1)1 + IO, dynamics algorithm is derived from E@L3) by neglecting

the inertial term and integrating the random component of
the hydrodynamic force over the duration of the time $ep.

In this paper evidence will be presented to support our con-
whereR, is a random variable with zero mean and unit vari- tention that it is more efficient to integrate E4.3) directly.
ance, andR is a symmetric matrix of random variables of The large time-scale separation between the dynamics of the
zero mean. The off-diagonal elementsRtave a variance polymer and the individual monomers allows time for the
of 1, while the diagonal elements have a variance of 2. Irhydrodynamic interactions to reach a quasisteady state, with-
this particular implementation, six random numbers are reeut imposing this condition at each and every time step. We
quired to generate the components of the symmetric matriwill show that both inertial and diffusive simulations can use

m'=(R+{R1, (10
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similar time steps, of the order of the monomer diffusion SiWipiU;
time. This allows for orders of magnitude savings in compu- uxX,tp=—5_"—.
tation time by keeping the interactions local in space. We
note that the lattice-Boltzmann model is just one possiblelo conserve momentum, the accumulated force exerted by
framework for such calculations, which could also be carrie¢he bead on the fluid is distributed to the surrounding nodes
out within a fluctuating finite-difference or finite-element With the same weight function. Trilinear interpolation is
simulation of the fluid. computationally efficient and works satisfactorily, as demon-
The hydrodynamic interactions between the beads argtrated by numerical tests. However, there are discontinuities
determined by coupling them individually to the fluctuating in the spatial derivative of the velocity field at the cell
lattice-Boltzmann model, from which the mesoscopic equaboundaries, which we have found can be greatly reduced by
tions for a fluid with thermal fluctuations can be derivéd. using second order interpolation. Nevertheless, the increased
The coupling between the beads and the fluid is derived frondccuracy does not clearly justify the additional computa-
a frictional force based on the difference in velocity betweertional cost of employing a higher order interpolation. Conse-
the beadU, and the surrounding f|uid4(r,t),20 quently, the results in this paper use linear interpolation,
though higher order interpolation schemes will be considered
in future work.

- 2wip; (16

Ff=-&[UM) -uX,t)]+F". (14)
D. Confined geometries

The random forcd=" is introduced to balance the additional To simulate confined po|ymer solutions, the lattice-

dissipation caused by using a frictional coupling instead of @oltzmann model must be modified to incorporate the
no-slip boundary condition on the bead surfa€eSince the  houndary conditions imposed on the fluid by the solid sur-
fluid satisfies its own fluctuation-dissipation relatidfi,has  faces. Stationary solid objects are described by the “bounce-
a local covariance matrix back” collision rule?® in which incoming fluid particles are
reflected back towards the nodes from which they originated.
Surface forces are then calculated from the momentum trans-
fer at each boundary node and summed to give the total force
on the boundarﬁ’/.A planar boundary is constructed from an
Hydrodynamic interactions between the beads are transmitrray of boundary nodes, which are located at the midpoints
ted through the fluid via correlated fluctuations in the fluidof lines crossing from the last plane of fluid nodes to the
velocity field, which develop over the inertial time scale, lattice positions in the solid. The infrequent collisions be-
pr?l , wherer is the separation between beads. tween monomers and the confining boundaries are detected
The point-particle approach leads to an Oseen interady the hard-sphere algorithm. The bounce-back rule can be
tion between individual monomers as will be shown numeri-modified for a moving wall, for example a planar shear flow,
cally in Sec. Ill B. The time scale for hydrodynamic interac- by altering the fluid populations reflected from the wall.
tions to develop,prJ/n, must be much shorter than the
diffusion time for the polymerRS/D. In other words, viscous 1ll. RESULTS
momentum must diffuse considerably faster than the time

scale for appr_ecigble change_s in polymer configuration. Thiﬁons of polymer chains in periodic and confined geometries.
scale separation is characterized by the Schmidt nurber We begin with detailed tests of the numerical method, vali-

=5l pD, which for the temperatures and bond lengths used in,_.. L . i
the simulations is in the rangeN8—6N”. This scale separa- dating the code for both dissipative and fluctuating hydrody

o . S L . namic interactions. Next we calculate the diffusion coeffi-
tion is larger and more easily controlled than in dissipative

. . : ) o cient for single chains in a periodic cell, using well
particle dynamics simulatiorfé,and the effect of variations . S ; . e
; : . established finite-size corrections to estimate the diffusion
in Schmidt number is usually small. The Euler method was - o .
. . . coefficient at infinite dilution for chains up to 1024 mono-
used to integrate the equations of motion of the monomers : !
. . . rhers. Finally, we calculate the effects of confinement on the
with a time step that was typically 1/100 of the monomer ... " .- . . L
e . . diffusion coefficient, and investigate how the polymer distri-
diffusion time. When necessary, the thermodynamic force% o o . .
. . . ution is modified by an imposed flow field.
were integrated with a smaller time step than the hydrody-
namic forces to maintain stability. A hard-sphere molecular . o
. .. A. Fluctuation-dissipation
dynamics code was used at each step to detect collisions
between pairs of monomers. The fluctuation-dissipation theorem implies that the dif-
Since the monomers move continuously over the gridfusion coefficient of an isolated monomBy,=T/&,, where
while the velocity field is evaluated at a discrete set ofthe temperatureT, is related to the variance of the random
points, we employ a trilinear interpolation to evaluate stresses in the fluitEq. (12)] and¢&; is the monomer friction.
u(X,t), using the fluid velocities at the nodes of the cubeHowever, as Ahlrichs and DUnvv%Og)riginally indicated, the
surrounding the monomé?. After calculating the weights, diffusion coefficient of an isolated point particle is not pre-
w;, for each of the nodes, the mass dengityand the mo-  cisely proportional to the inverse of the friction coefficient,
mentum densityu are interpolated to determine the velocity but is offset by a constant value that is independent of the

field at the bead locatiok, input friction &,

(F'OF"(t")) = 2T& 8t - t')1. (15

In this section we summarize the results of our simula-
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FIG. 2. Offset betweerg™ and & as a function of system volume. The

FIG. 1. Relation between the effective friction coefficignand the input  variation in the dimensionless mobility[Eq. (17)] is shown for a cubic cell
friction &, [Eq. (14)]. The effective friction coefficient has been obtained of length, L. Results are shown for input hydrodynamic radjj=0.32
from the drag force on a single monomeircles and the diffusion of the  (circles and a,=0.15(squares The monomer frictioré,= 6 7a,
monomer in a thermally fluctuating fluidquares The slope of the line is
unity, indicating a constant offset betweérnt and 551. The unit cell size
L=20Ax. When the effective size of the monomer is small com-

pared to the grid spacingveak friction, »Ax/&>1 and the
D, 1 9 effect of the lattice renormalization is small. In this case the
==+ —, 17 diffusivity is controlled by the input particle radiu®,,/T
T & nAX — 1/6mna,. The opposite limit, where the particle is large
We therefore attempted to verify the Stokes—Einstein relatiogompared to the grid spacing, violates the underlying as-
for a single monomer, by calculating the velocity of a mono-sumption of the point-particle model. However, even here
mer under an external body force as well as the diffusivity ofthe diffusivity is finite but controlled by the grid spacing,
the monomer due to thermal fluctuations in the fluid. FigureDm/T— g/ 7AX. In these numerical simulations the lattice
1 summarizes the most important finding, namely that thecontribution to the diffusivity is of the order of 25%.
friction-coefficient determined from the mean-square dis-  The fluctuation-dissipation theorem for a discrete model
placement of the monomer at finite temperaturés! does not necessarily imply equipartition of energy, as is the
=D,,/ T, matches the friction coefficient determined from thecase for a continuous system described by the classical
drag force Fq=—¢U. Langevin equation. The data in Fig. 3 show that the mean
Figure 1 also shows that there is a constant offset bekinetic energy of a single monomer in a thermally fluctuating
tween the effective frictior, measured from the drag force fluid varies between 1% and 10% from equipartition. The
or diffusion coefficient, and the input friction coefficiegg ~ results can be understood by analyzing the Langevin equa-
[Eq. (14)]. In essence, there is a renormalization of the fric-tion for a single particle with constant friction,
tion coefficient by the flow field induced by the moving par- -
ticle. A point forceF applied at the origin of a continuum muU=-¢gu+F, (21)
fluid creates a velocity field, where the random forcef,, has a varianceF,(t)F,(t'))

1 +rr /r2 =2T&8(t—t'). Solving this equation leads to the well known
urr)=—5—-—-F (18 resultsmKU%=T andD=T/¢&.
8myr
that is singular at the origin. However, the discrete nature of e
the lattice-Boltzmann velocity field leads instead to a finite - Exghgt //'
result, 1.1 _
f"
u(0)=E (19 & 1.05- /"/
7AX’ X o
whereg is a numerical constant. A steady-state force balance 2 1 =
between the imposed forde and the particle velocity,
F=-Fy=&U-u(0)]=¢&u, (20 0957
leads directly to Eq(17). Further tests verify that the param- 09-
eter g is ?ndependent of solvent viscosity, confirming the 0 0.05 o1 05 02
relation given in Eq(17). However,g does depend weakly EAtim

on system size as shown in Fig. 2, but not on the input

P ; : FIG. 3. Mean kinetic energy of a single monomer as a function of the
friction, &. The offset,g, is easily calculated for any cell dimensionless frictional couplingAt/m. The calculated kinetic energy for

gepmetry, USilng a measurement_ of the fluid velocity at themnpiicit (circles and explicit(squares updates is compared with the model
origin of a point force together with E¢19). described in the Appendilines).
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0.4_ O
(=3
=
Iy =3 031 o A
= g
0.2+ 6
0.1 & a 8 2
0.00 0 1 1 1 1
0 4 6 8
r/Ax

rlAx

. ) . FIG. 5. Comparison of the parallel component of the two particle mobility
FIG. 4. Velocity due to a point force. The velocity component parallel to thetensor,,uﬂz. Results obtained by dissipatifigq. (26), circleg and fluctuating

direction of the forcey,(r,0,0), is plotted as a function of distance from the Eq. (27). squareksimulations are compared with an independent solution
force. Results are shown for the Oseen flow fi@dshed, the Stokes flow E)f ?h((e ;)érioqdic S%okes equatiof&q. (25)p triangled. P

field in a periodic cell of length 1% (solid line), and lattice-Boltzmann
simulations(circles in the same size cell.

tances between the Oseen field for an infinite sy<iashed

A numerical integration of this equation can be accom-line) and Stokes flow in a periodic cefsolid line), which
plished by discretization in time, was calculated from the Fourier representaﬁ%n,

U(t+At) =U(t) - QU(t) + AU(1), (22) A
1« €KT(1-kk/K?
or ur)==2> e -kkA) F. (25)

Vizo 77k2
U(t+At) =U(t) - QU(t + At) + AU(1), 23 o . .
( )=U ( ) ® @3 The hydrodynamic interactions between a pair of mono-

where Q=¢£At/m and ((AU)?)=2TQ/m. Equation(22) cor-  mers have been calculated from both the dissipative response
responds to a first-order explicit integration of E@1), to an external force and the correlations between particle
while Eq. (23) corresponds to an implicit integration. In the velocities in a fluctuating fluid. The pair mobiligy;; is de-
Appendix, we show that this choice of random force, derivediined in terms of the velocity induced on one particle by a
directly from the continuous case, still satisfies the Stokesforce on the other,

Einstein relation D=T/¢, regardless of the integration

method, but classical equipartition of energy is modified, Ui=p-F (26)

2\ — .
mU<) = 1+0/2’ (24) and also from the autocorrelation function of the particle

velocity in a fluctuating fluid,
explicit integration leads to the minus sign in the denomina-

tor of Eq. (24), while implicit integration leads to the plus 1 ("
sign. Figure 3 shows that this simple model accounts for the — u;; = —f (Ui(U;(0))dt. (27)
kinetic energy measured in the simulations, although here the TJo
fluctuations in particle velocity are largely driven by the
fluid. The long-time dynamics of the polymer are controlled The linearity of Stokes flow allows us to simplify the analy-
by the diffusion of the monomers, and the absence of equisis by keeping the particles fixed in place during the course
partition at short times will not affect these results. We noteof the simulation, even though the particle velocities are non-
that equipartition can be recovered by using a weaker friczero.
tional coupling or a larger particle mass, but this is not nec-  The single-particle mobility was found to be unaffected
essary for accurate results on the diffusive time scale. Therdy the presence of a neighboring particle, as would be ex-
fore the Brownian relaxation tim&) ™1, does not have to be pected for point forces. The pair mobility, which can be de-
large. composed into components parallgl') and perpendicular
(ut) to the separation vector, is shown in Figs. 5 and 6. The
results for dissipative and fluctuating calculations of the mo-
bility agree with one another and with an exact Stokes flow
The computational method described in Sec. Il providesalculation in the same periodic geometry, E2p), down to
an accurate solution for the flow-field around a point force separations of the order adfx. The discrepancies largely re-
as can be seen in Fig. 4 where a section of the fluid velocitylect errors in interpolating the flow field to off-lattice loca-
field is shown for a periodic cell of length=100Ax. This  tions; the results shown in Fig. 4 were evaluated at the lattice
example is typical of the method, which quantitatively de-nodes and are much closer to the Stokes flow result at small
scribes the flow field on distances larger than a single gridlistances. Improved interpolation should lead to more accu-
spacing,Ax. There is a significant difference at large dis- rate values of the mobility of closely spaced monomers.

B. Hydrodynamic interactions
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FIG. 6. Comparlf,on of the perpendicular component of the two particler| g center of mass diffusion coefficient as a function of chain length in

mobility tensor,u;, Results obtained by dissipatiy&d. (26), circled and  igrerent size cells. The diffusion coefficients are normalized by the mono-

fluctuating[Eq. (27), squarek simulations are compared with an indepen- o gitusion coefficientD,,=T/¢, and are shown for periodic systems with

dent solution of the periodic Stokes equatis|. (25), triangled. lengthsL ~ 3.5R; andL ~ 7R,. In all cases the mean separation between the
monomers=Ax and the temperaturé=0.1. Results are shown for the raw
diffusion coefficient(open symbols as well as the corrected valuéled

C. Diffusion of an isolated polymer symbols.

We have simulated the Brownian motion of individual
polymers over a wide range of chain lengths, froiw16  erties of the polymer chains are independenb ehdT, and
monomers tdN=1024. As demonstrated in the previous sec-scale in the expected way for an excluded volume chain. The
tions, the accuracy of the hydrodynamic interactions dependsumerical values of the radius of gyration fit the scaling re-
on the separation between adjacent monomgrsp com-  lation Ry=0.40N’, with »=0.59. This is close in absolute size
parison to the grid spacing of the lattice-Boltzmann modelto the renormalization group result for a self-avoiding ran-
Ax. Consequently, three different values ofwere used to dom walk?
calculate the equilibrium and nonequilibrium properties of  The lattice-Boltzmann method simulates a finite volume
the model polymer chairh=2Ax, b=Ax as used by Ahlrichs rather than an unbounded domain, which has little effect on
and Dunwed? andb=0.5Ax. The monomer friction and ex- the distribution of polymer conformations but significantly
cluded volume were also scaled in proportiorbtdhe com-  reduces the diffusivity because of hydrodynamic interactions
putational time scales as®, taking into account both the between periodic images. The box size was chosen to be a
change in number of grid points<b® and the change in fixed multiple of the expected radius of gyration to obtain a
Zimm time (<b®). The simulations were run for at least 20 consistent set of diffusion coefficients, as shown in Fig. 8.
Zimm times, which was sufficient to reduce the statisticalThe raw diffusion coefficients, shown for two different box
errors in the diffusion coefficient to a few percent. For thelengths,L ~3.5R, andL ~ 7R, scale roughly asl™”, but the
systems studied here, the Zimm time ranges frofAl@  diffusion coefficients increase with the ratiéR;. The finite-
10°At. Given the scaling of the computation time, it is size effects can be corrected by assuming that the polymer
clearly advantageous to minimize the valuebdfAx. behaves hydrodynamically as a rigid sphere of radiys,

Results for the radius of gyratioR, and the mean end- where
to-end distancé, are shown in Fig. 7. The statistical prop-

D=T/6m77R,. (28
10°7 Then we can use the mobility of a periodic array of sptﬁ?res
Y to correct for the effects of the image chaffls,
R/b-N"¥ - m
/,&/ e o v D=D,[1+2.84Ry/L) + O(R/L)"]. (29)
- - a_.--
& 10 ,/’/ e ‘9,/’ Using the relation betweed and R, [Eg. (28)], a self-
S ; & o._- gl o consistent estimate of the diffusion coefficient in an infinite
& o 7 R/b~N" system can be obtained. Figure 8 shows that the corrected
Q’,/" O T=01,b=1.0 Ax results obtained witl. ~3-4R, are similar to those with.
ol é ;:1)11)’ ﬁfé"s)ﬁ ~6-7R,, and that the corrected results fall precisely on the
10 v T=10, b=0.5 Ax expected scaling of diffusivity with chain lengtiDocN™.
- . e s The results agree well with the renormalization group pre-

N diction for a self-avoiding random waf, D=0.2T/ 7bN".

The monomer friction in these simulations was based on a

FIG. 7. End-to-end distance and radius of gyration in a periodic unit cell. ; e = At
The scaling oR, (upper pointsandR; (lower pointg is shown for different hydrodynamic radius=b/4, so the renormalization group

monomer separations, and temperatured, The dashed lines are the the- predi_Ct_ion fqr the ratio of polymer to monomer diffusion
oretical scalings for an excluded volume chain, with exponer.59. coefficients isD/D,,=0.9N7".
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FIG. 9. Center of mass diffusion coefficient, with finite-size corrections, for FIG. 10. Center of mass diffusion coefficients para([l) and perpendicu-
different values ob andT. The length of the periodic cell~ 7R, in each  lar (D*) to the channel walls as a function of channel witlifthe radius of
case. The statistical uncertainties in the diffusion coefficient are smaller thagyration of the polymetN=128 b=1) is approximately &Ax. The confined
the size of the symbols, except for the longest chhlin1024, where they diffusion coefficients, normalized by the monomer diffusivity, are shown for
are shown explicitly. a square celll., with various ratios oL to H.

The largest simulations in Fig. 8 extend up to 256 mono-D' Polymer diffusion in a channel

mer units, and require about 5 h of computation per Zimm  Unlike Brownian dynamics, where external boundaries
time. However the computational cost can be drastically represent a serious complication, the lattice-Boltzmann model
duced by either reducing the separation between neighborirg@n simulate the dynamics of confined polymers at no addi-
monomers along the chaif, or less dramatically, by in- tional cost. Here we consider a channel bounded in the
creasing the temperature. Reduchipwers the accuracy of Y-direction by planar walls separated by a distahtewith

the hydrodynamic interactions between nearby monomerQe“Od'C boundary conditions in theandz-directions; much

while increasing the temperature alters the Schmidt numbéF'©'® complicated shapes can be implemented without diffi-

: . __culty. The monomer units have an additional excluded vol-
h kes flow field f full I . ) . !
and may prevent the Stokes flow field from fully deve OPINY | e interaction with the wall, but the hydrodynamic calcu-

Yation is unchanged. The method automatically takes account

fgr d|ﬁgrent values 01_3 andT.are shown n F'Q; 9. Ig) most of the increased friction of a monomer near a Wadind the
simulations, we useb=Ax as in Ahlrichs and Dunweg,but  ,qitional hydrodynamic interactions between pairs of

for larger chains we found that smaller valuesbafould be  monomers in the vicinity of the wall: The simulations in
used without affecting the accuracy of the calculated diffu-the confined geometry were run for comparable times to the
sion coefficient. For example, the diffusion coefficients ofpylk simulations, which typically corresponds to 40-120
chains longer than 128 monomers obtained viith0.5AX  channel diffusion times,;=H?/4D. However, for the weak-
are indistinguishable from those with=Ax. On the other est confinementi/R,> 10, the run time was of the order of
hand, the smallest chaiilkl <64) require a larger value df 10t

for a fully converged diffusion coefficient. Taken together, The diffusion coefficient for a confined polyméN
these results demonstrate that an accurate calculation of tHel28, b=1, andT=1) is shown in Fig. 10 for a range of
diffusion coefficient is possible whenever the size of thechannel width®};<H <5R;, whereR is again the radius of
polymer (Ry) exceeds a few grid spacings; a reasonable eggyration in free solution. The diffusion coefficient in the per-
timate is R,>5Ax. If this turns out to be true in general, Pendicular direction is measured at the peak in the rate of
hydrodynamically interacting chains can be simulated with@rowth of the mean-square displacement, after sufficient

more or less constant computational cost, regardless of chaffi"® has elapsed for the development of the hydrodynamic
length. Further research is needed on this point. interactions, but before a significant displacement of the

The scaled diffusion coefficient&/D,,, are insensitive monomers has occurred. The no-slip boundaries screen the

to temperature, except for the smallest chaiNs<64) and hydrodynamic interactions in the direction parallel to the

the smallest mean monomer separatitos0.5Ax). In these confining walls over distances greater thanTherefore, the
P e ~ dependence of the diffusion coefficient on the lateral dimen-
casegN<64,b=0.5Ax,T=1), the polymer diffusion coeffi-

; ) : . i sionsL of the cell is smaller than in the fully periodic case.
cient exceeds 0.0@5"/At and is not small in comparison |, general the data show that the diffusion coefficient per-
with the kinematic viscosity of the fluidy/ p=0.167A%?/ At. pendicular to the wallD~, is independent of the area of the
Experimentally Sc typically lies in the range L(°, but it cell whenever>2H. The in-plane component of the

the simulation results show that a Schmidt number80is  (iffusivity D' is more sensitive to aspect ratio than the per-
sufficient for an accurate measure of the diffusion coeffi-pendicular diffusivity, requiringL >4H for convergent re-
cient. This restriction is almost invariably satisfied in our sults. Moreover, wherH ~R, there is an additional con-
simulations, because of the large difference in diffusive timestraint, L>4R,, in order to prevent direct interactions
scales of the monomer and polymer. between chains that are flattened by the narrow channel.
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FIG. 11. Center of mass diffusion coefficient for a confined polymer relativeFlG 12. Monomer distribution for a chain composedN\st 16 monomers
to the unconfined diffusivityD'/D. The solid line indicates the Faxen cor- (b:i RQ.xZAx) in a confined channeH=16Ax at different flow rates:
rection (Ref. 30 for weak confinement, assuming the polymer lies in the b — g (dotted. 13.5 (dashedl and 135(soli ' ’
center of the channel. The dashed line is the theoretRglH) 2 scaling ( 9, 13.5( o S(solid).
(Ref. 32. The aspect ratio of the cell/H, was set to 4 or Ry/H, which-

ever was larger. practice this means that the maximum shear rate is limited

and declines with increasing channel width. Thus to obtain
higher Peclet number®r Weissenberg numberghe poly-

mer diffusivity must be reduced. In the relatively narrow
channels studied here this restriction was not serious, but the
computational cost increases rapidly with larger channels.
We are investigating ways of introducing a base flow field
tighter confinementRy/H>1, there is a transition to a into the lattice-Boltzmann mod&,and then simulating the

power-law decay, which is consistent with the predictions Ofdifference_ in velocity_ ff‘?m the _im_posec_j flow field. In this
scaling theorﬁz D||/DOC(Rg/H)—2/3 On the other hand ¢@S€ the incompressibility restriction will apply only to the
Brownian dyna,mics simulations in a square cha‘heeggest difference field, removing the limitation on flow velocity.

an exponent closer to —1/2. This result is supported by nu- At equilibrium (Pe=0, a unn‘or_m dlstr|but_|on exIsts
merical mean-field calculatioﬁg,which indicate that the 2across most of the channel width, with a depletion layer near

asymptotic scaling is not reached in two-dimensional con-e"’_ICh wall of ordeRg~2_b. At lOW_ﬂOW rates(P_e:13.5, _the

finement until extremely long chain lengths, in excess &f 10 th!cknt_ass pf the depletion Iayer increases slightly. This we_ak
segments. However the confinement in a slit is less severd'dration is t()jue to thﬁ comblneg effect of hydrgdgn;lmcljc
than in a tube, and a mean-field calculation would be useff'téractions between the pairs of monomers and hydrody-

to confirm that scaling theory applies to much shorter chaing@m!c Interactions betwe_en amonomer and a Gvaéglc_actt
in one-dimensional confinement. ing either one of these interactions leads to a qualitatively

different result. In the absence of hydrodynamic interactions,
the depletion layer thickness decreases with increasing flow
strength, due to stretching of the polymer chain by the high
The center-of-mass distribution of a weakly confinedshear rate near the wall, enabling the center of mass to access
polymer,H~8R,, in a pressure-driven flow has been calcu-regions closer to the boundary.
lated for a variety flow rates. The Peclet number character- At higher flow rategPe=1395, there is a strong overall
izing the flow, PeznglD, is based on the mean shear ratemigration of the polymer chain towards the center of the
v=VpH/4y, the radius of gyration and the polymer diffu- channel, but there is a slightly lower concentration at the
sivity. The center-of-mass distribution in the channel iscenter of the channel than in the neighboring regions. These
shown in Fig. 12 for Peclet numbers Pe=0, 13.5, and 1350bservations agree qualitatively with Brownian dynamics
using the unconfined values for the radius of gyratiBy,  simulations of polymer flow in a square chanh@he distri-
and diffusion coefficientD. From the Zimm model for the bution of the center of mass arises from a balance of the
longest relaxation tim&* r;=0.97b3N3"/T, we estimate that Brownian drift towards a uniform distribution and the hydro-
the Weissenberg number is about 10% larger than the Pecldiynamic migration of a flexible polymer away from the
number. The two lowest Peclet numbers were obtained at walls. The slight dip at the centerline is presumably due to a
temperaturd=0.5, while the highest Peclet number was runcoupling between the polymer configuration and the cross-
at a temperaturé=0.05. Each calculation was run for a total channel diffusion coefficient. At the center, the polymer ex-
of 1C® time steps, while the channel diffusion tink&/4D periences relatively little shear and will therefore exist in a
was approximately 19 000 steps at the higher temperatudess extended state than a polymer located slightly off the
and 190 000 steps at the lower one. centerline. The more extended polymer has a lower diffusiv-
The maximum flow velocity is restricted by the condi- ity perpendicular to the walls, therefore the higher diffusivity
tion Uma/Cs<<0.3, which is necessary for the lattice- at the center creates a slight deficit for the distribution of
Boltzmann model to approximate an incompressible flow. Inpolymer at the center.

The scaling of the parallel diffusion coefficient in a con-
fined geometry is shown in Fig. 11 for a range of confine-
ment ratios, Ry/H. The diffusion coefficientD'/D of a
weakly confined polymerR,/H<1, is consistent with the
reduction in mobility of a confined sphéfeof radiusR;,. In

E. Polymer distribution in a channel flow
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IV. CONCLUSIONS tions in mean kinetic energy from classical equipartition.

We have implemented and tested an inertial simulation The discrete equivalent of Ea1) can be written as

of the dynamics of a single polymer chain in solution. The  U(t+At) = (1 -Q)U(t) + AU(1), (A2)

method is based on a lattice-Boltzmann model of a thermall L
fluctuating fluid and a point-particle representation of the)(Nhere Q—gAt/m aqd (AUMAU(t ))—(ZQT/m)éw. The
level of fluctuation in the random velocitAU, has been

interaction between the polymer chain and the fluid. We lculated by | i th dom f he ti
tested the method using known results for the dissipative an(ga g7u ated by integrating the random force over the time step

fluctuating dynamics of one and two-particle systems, and

found that the long-range Oseen level hydrodynamic interac- trat

tions were reproduced quantitatively. Surprisingly, the time ~ AU(t) = af R(t")dt’. (A3)
step is comparable to typical Brownian dynamics simula- !

tions. This fact, together with the more favorable scaling ofAfter n time steps, Eq(A2) has the solution

the computational time with respect to the size of the chain, -1
has enabled us to perform dynamical simulations of longer _ n

. . ) . U(t+nAt) = (1 -Q)"U(t) + 2, AU(t + kAt
chains than has previously been possible. We obtained the ( )= U g) ( )

expected scaling for the diffusion constant in an unconfined o
- _ X (1-Q)n1H (A4)
system for chain lengths up td=1024 monomers. The re- '

sults suggest that a coarse graining of the hydrodynamic ingjth the usual stability conditiof)<2. At long times,n

teractions is possible for very long chains, keeping the radius. 1 the particle temperature is related to the fluid tempera-
of gyration at a fixed number of grid points of the underlying tre by

fluid. In this case, the computational cost of calculating hy-
drodynamic interactions is independent of chain length. The
method can be readily extended to complex confinement ge-
ometries, with or without an imposed flow field. Our results
for confined channels are qualitatively consistent withand violates the classical equipartition of energy. On the
Brownian dynamics simulations in a square d%ﬁ;{xlthough other hand, the diffusion coefficient, which can be calculated
all these tests have been for a single chain, multichain simd¥om the discrete equivalent of the Green—Kubo relation

m(U?) = 2TQ Y, [(1- Q)%= (A5)
k=0

1-Q/2°

lations are straightforward and require minimal additional A % -
computation if the system volume remains fixed. D= —t<U(0)U(O)> + ALY, (U(NAHU(0)) = — (A6)

2 n=1 f,
ACKNOWLEDGMENT satisfies the Stokes—Einstein relation. Thus we recover the
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ence Foundation through a CAREER Awd4@ITS-0348205  Step, whereas the kinetic energy has an additional fddtor
-0/2)7. An accurate equipartition of energy requires that

(<1, which in our context means that the mass of the

monomer must be large. However, numerical calculations
Numerical simulations show that the mean kinetic en-with {2 <0.5 show that the diffusive behavior of interacting

ergy of a single monomer is different from what would be particles is unaffected by violations of equipartition.

expected from the level of the stress fluctuations in the fluid ~ An implicit update of Eq(A1),

(Fig. 3. Nevertheless, the fluctuation-dissipation relation be- _ _

tween the effective friction and diffusion coefficients holds U(t+A =U(®) - QU(t+AY + AU, (A7)

within statistical errorg(Fig. 1). It has been showfl that s often used to circumvent the stability constraintc2 on

fluctuations in a discrete system can be different from thoseéhe explicit solutioEq. (A2)]. It is straightforward to show

in continuous systemigf. Egs.(11) and(12)], and in order that the Stokes—Einstein relatidd=T/¢ is again satisfied,

to understand why deviations from classical equipartition ddout in this case the mean kinetic energy is given by

not affect the long-time dynamics, we here examine a simple

APPENDIX: DISCRETE LANGEVIN EQUATION

model with constant friction. The dynamics are described by  m(U?) = T _ (A8)
the classical Langevin equation, 1+Q/2
The comparison of EqSA5) and (A8) with the numerical
m =V R®), (A1) simulations is shown in Fig. 3. It can be seen that the sim-

plified model presented here, which neglects the time-
with a variance in the random forcR(t)R(t'))=2£TS(t  dependence of the hydrodynamic interactions, still predicts
—t'). With this choice of random force, EqA1l) satisfies the deviations from equipartition quantitatively.
both the Stokes—Einstein relatidh=T/¢ and equipartition
m(U?)=T. The real situation is more compléX;® with a M. Fixman, Macromolecules.9, 1204(1986.
time-dependent friction coefficient due to the temporal and 252/',{,.Jg?]?,g%k'zgigc('zgggwartz' J. J. de Pablo, and M. D. Graham, J.
spatial development of the hydrodynamic flow field. Never- 3z '\ jendrejack, M. Graham, and J. dePablo, J. Chem. PHiya;.2894

theless, this simple model is sufficient to illustrate the devia- (2000.
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