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The rheology of dense colloidal suspensions is sensitive to modifications in the surface properties of
the particles. We are using lattice Boltzmann simulations to investigate the effects of polymer
coatings on the squeezing flow between parallel plates. In this study, we used random arrays of
stationary and mobile particles as the simplest models of the polymer coat. We have calculated the
flow field in the gap and the force between the plates, and have compared the simulation results with
analytic solutions based on the Stokes and Brinkman equations. Our models span the limiting
characteristics of a polymer coated layer; namely a viscous suspension and a porous medium. We
find good agreement between simulations and analytic solutions, even when the coat thickness is
only a few Brinkman screening lengths. 2002 American Institute of Physics.
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I. INTRODUCTION stress. The porous nature of the polymer coat reduces the
singularity of the lubrication interaction, which prevents the
Hydrodynamic interactions in colloidal suspensions givepuild up of large transient aggregates of particles. As a con-
rise to frequency-dependent rheological properties on timgequence of this new understanding there is a strong motiva-
scales that are experimentally and industrially relevant. Dition to understand the microstructural and rheological conse-
mensional analysis of the hydrodynamic interactions impliegjuences of modifications to particle surface properties
that the relative viscosity of a suspension of hard spheres is@used by coating them with polymers or polyelectrolytes.
function of the volume fractiong, and Peclet number, Pe, we plan to use numerical simulations to investigate the hy-
only. It is composed of a frequency-independent hydrodydrodynamic interactions between surfaces coated with poly-
namic stress, coming from the added resistance to shegfers and polyelectrolytes. However, in this work our aim is
caused by fluid flow around the particles, and a frequencyto assess the accuracy of the Brinkman equation as a model
dependent Brownian stress arising from viscous resistance fgr the hydrodynamics in a porous coated surface driven by a
changes in particle position. Under a steady external sheayqueezing flow between two parallel plates.
rate, the SUSpenSion first exhibits shear thlnﬁ'lngused by a A phenomeno|ogica| continuum description of the p0|y_
reduction in Brownian stress, which culminates in a secongner phase has been widely adopted in theorétieald
Newtonian region at a Peclet number,=Pga?/D, around  numericaf approaches to calculating the lubrication forces
10. Here we have defined the Peclet number as the product gktween coated surfaces. Typically, the polymer phase is as-
the external shear ratg, and the diffusional relaxation time, symed to be a porous medium with a hydrodynamic screen-
a’/D, for particles of radius and diffusivity D. At Peclet  jng length,¢, determined by the local polymer concentration.
numbers larger than 100, the effects of Brownian motion arex nolymer in semidilute solution in a good solvent has a
small and the microstructure of the suspension is determinege||-defined scaling relation between the hydrodynamic
by the external shear rate. At high shear rates the hydrodycreening length¢, and the monomer concentration,”®
namic stress increases rapidly due to clustering of particleghis gescription is based upon two assumptions. One is that
into transient aggregates, so that the stress tensor is domjse polymer phase is highly entangled. Thus individual
nated by the lubrication forces between particle surfacegnains (in semidilute solution show Zimm dynamics on
close to contact? It has been shown that the high-shear-rategport length scales and Rouse dynamics on length scales
behavior of a hard-sphere suspension is sindlirathat the larger than the screening lengibr all times'® The other
viscosity increases without bound as the shear rate increasggsymption is that the hydrodynamic flow in the gap between
The breakdown of this singular behavior is controlled bythe particles only varies significantly on length scales larger
small additional effects, such as short-range repulsive forcegyan the screening length. These two assumptions lead to a
which inhibit cluster formatiofi=® Thus minor modifications  frequency-independent lubrication force, which can be cal-
to the hydrodynamic flow field near the particle surface can,jated by assuming that the polymer layer can be treated as
produce substantial reductions in viscosity. Although this hag, porous medium, with a screening length
been long known as an empirical fact, these recent simula- * fowever, recent numerical simulations of semidilute
tion studies suggest the dominant mechanism is a micrgsolymer solutions show that there is a time dependence to
structural rearrangement rather than a direct reduction g, hydrodynamic screening of polymer chains that is ne-
glected in the classical pictuté The simulations, which in-
aElectronic mail: ladd@che.ufl.edWRL:http:/ladd.che.ufl.edu cluded hydrodynamic interactiod$!® showed a transition
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equation has been tested for pressure-driven flows in peri-
odic porous media where exact solutions are availsiA&lt

was found that the agreement between the Brinkman equa-
tion and the exact solutions was reasonable if the porous
medium was isotropic, but was quite poor if the medium was
anisotropic. In view of this uncertainty and the widespread
use of the Brinkman equation in modeling the hydrodynamic
forces between polymer-coated particles, we have used a
lattice-Boltzmann model of the fluid phase to carry out ex-
plicit simulations of fluid flow being squeezed out through
F_IG. 1. Sketch of_ the geometry used ir_1 the simulati_on. The figure is a Sid%aps coated with permeable and viscous layers. We have
view of a squeezing flow geometry using two flat disks of radisepa- . . . . .
rated by a distanceH. The upper surface is moving downwards with a compared the results of the simulations with analytic predic-
velocity V. The lower surface is stationary and coated with a suspension otions based on continuum theories typically used to describe

either fixed or mobile beads of radias The thickness of the coat Is fluid flow in polymer coats.
. . . Il. THEORY
from Zimm-type to Rouse-type dynamics over the Zimm re- . . . ) _
laxation time of a blobs . Thus for times shorter than the At the microscopic level, fluid flow is described by the
Zimm time, the single-chain dynamics is Zimm-type, inde- Stokes equations
pendent of the length scale, which is in accordance with y.y=0, 7;V2Z=Vp, (1)

dynamic light scattering dat4. This idea brings a subtle o _
change to the phenomenological continuum picture of thénd the coating is modeled by a random array of spherical

polymer phase, from a rigid porous medium to a viscoelasti®€ads, which interact with the fluid via a stick boundary

gel in which screening arises from the restricted mobility ofcondition on the particle surfaces. If the particles are free to

the polymer chains due to the highly entangled structureOve then the corresponding macroscopic equation for the

From the onset of the flow until the Zimm time the polymer flOW Of coating suspension is again Stokes flow, but with the
phase acts as a viscous medium, but at longer times the iYiSCOSity now being the effective viscosity of the suspension.
dividual beads cannot follow the flow due to the temporaryFOF Simplicity we have assumed that the flow is sufficiently
structural hindrance, and therefore produces the screenir@OW that the particles do not adjust their configuration over
characteristic of a rigid porous medidrh*®This picture sug- the duration of the numerical experiment. This enables us to

gests a qualitative dynamical change in the lubrication forc&©€P the particles fixed in space while allowing their veloci-
between polymer coated surfaces over the time in which thH€S t0 come to steady state with the fluid motion. The cor-
polymer chains become entangl&Zimm time). We expect responding Vviscosity for this _suspension is the high-
that constitutive equations describing the macrohydrodynamT€duency viscosity,7..(¢), which has been accurately

ics of the system would show a time dependent change, frorfi@lculated in previous simulatioRg:** We use a simple ana-
Stokes flow with an effective viscosity, to Darcy flow with lytic expression, known to reproduce the simulation data for

_ He i 1
an effective permeability. 7= 1-(#)/ 7 with high accuracy,

Following this idea we present a preliminary computer 7,—1
simulation study of the lubrication force between two sur- S=d+ P+ $>—2.3p% 2
faces coated with model phases that characterize the macro- R
scopic hydrodynamic interactions of a semidilute polymerA stick boundary condition is also enforced on the upper and
solution. The model coat is composed of rigid spheres sudewer surfaces of the confining cell. The lower plate was
pended in a viscous fluid and sandwiched between two flathosen to be stationary and the upper plate was given a
circular plates(Fig. 1). The viscous or porous nature of the squeezing velocity,V [v,(H)=—V]. In the continuum
polymer phase can be modeled in an idealized fashiomodel we assume that the system is radially homogeneous
through the dynamics of the suspended spheres. If thend of infinite extent in the radial direction. We further as-
spheres in the coat are fixed in position, the coat acts as sume a step discontinuity at the suspension-fluid interface
rigid porous medium producing Darcy friction, but if the and match the velocity and stress of the two phases in this
spheres adjust their velocities to eliminate the drag caused kpjlane. The solution of this model for the flow field and force
the local flow field, the coat acts as a viscous medium. on the plates is given in Appendix B.

The Brinkman equatidfi has been proposed as a method  For fixed particleszero velocity the appropriate mac-
for matching Darcy flow in a porous medium with Stokes roscopic equation is the Brinkman equatién,
flow in an adjacent volume. It has also been shown to be a Vov=0 Vb= pV2y— pe2 3
good approximation of the flow in a porous medium driven V=0, Vp=nViv=me ®)
by an external forcé’ In describing the flow in mixed po- where the permeabilitik = £2 is determined by independent
rous and fluid phases the Brinkman equation is more satisaumerical simulations of Darcy flow in random arrays of
factory than a slip boundary condition at the interface besphere$? The Brinkman equation interpolates between
tween the porous and fluid phases, which requires an extr&tokes equation and Darcy’s law, to account for the momen-
parameter to define the slip at the interfAt&@he Brinkman tum absorbed by a porous matrix. On length scales smaller
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than the Brinkman screening length, viscous forces bal-
ance the pressure gradient, as in the Stokes equdtitms
(1)]. On the other hand, on length scales greater thathe
pressure gradient is balanced by the drag on the solid matrix.
The momentum absorbed by the solid phase screens the hy-
drodynamic interactions on length scales larger tl&an
whereas in suspensions the hydrodynamic interactions are
unscreened®

Although the Brinkman equation can be solved self-
consistently to obtain numerical valueskf),° these re-
sults are not quantitatively correct at volume fractions greater
than about 5%see Fig. 5. However, given the permeability
as a function of volume fraction, the Brinkman equation can
be solved for the geometry shown in Fig. 1, again matching
velocity and stress at the interface between the porous matrix
and the fluid; the results are given in Appendix C. We have
used an exact solution of these equations for comparison
with the computer .SImUIatlon.S' These solutions allow f.orFIG. 2. Contour plot of the radial velocity field in the horizontal plane at
cases when the radius of the disk is comparable to the he'ghztt H/2 for a single phase flow. The equally spaced contours show that the
leading to az-dependent pressure field and when the thickradial velocity increases linearly with the radial distance, which follows
ness of the porous coat is Comparab|e to the Screening |engﬂl’pm the incompressibility of the flow. The smooth circles show that the
However, in most situations the coat thickness is Iarge Comgffect of the pixelated outer surface do not penetrate into the flow.
pared with the screening length, which simplifies the solu-
tion. In this case we find two different regimes, depending on
the ratio of the thickness of the fluid film to the screeninglattice—Boltzmann simulations, the pressure at each node is
length in the porous medium. calculated from the mass density=pcZ, where the speed
of sound €4) is dependent on the model parametérn
these calculationss= \1/2A/At, whereA is the grid spac-
ing andAt is the time step of the lattice—Boltzmann model.

We simulate a squeezing flow between two circularThe fluid nodes were located at half-integer positions,
plates using a three-dimensional 18-velocity lattice-A/2,3A/2,... H—A/2, and the pressure was therefore ex-
Boltzmann modéf?® of a fluid contained in a cylindrical trapolated to the surfaceszt 0 andz=H. Since we imple-
cell. Boundary conditions on the upper and lower surfacegnented a constant velocity boundary condition on the side
were implemented using the bounce-back collision rule fowall, the pressure in these simulations was undetermined to
moving walls?® The upper wall ¢=H) is moving with a  within an additive constant. As a reference, we took the pres-
velocity v,= —V and the lower wall is stationary. Again we sure on the upper surface to be zero at the outer radial sur-
assume that the velocity is sufficiently small that the walls ddface; i.e.,p(R,H)=0.
not move appreciably over the time scale of the simulation ~ The simulation results are compared with exact solutions
(H is independent of time Thus the upper boundary is held of the Stokes equations in Figs. 3 and 4. For completeness
fixed in place, but is nevertheless a source of mass and mdhe analytic solution is given in Appendix A. The simulated
mentum flowing into the fluid phase. Since the simulated
system is of finite extent in the horizontal direction, we must
impose boundary conditions on the radial outflow through 100
the side walls of the bounding cylinder. To do this we imple-
ment constant velocity boundary conditions on the side walls /
of the cylinder, where the local velocity of each boundary 10 - »
node is determined by solving the macroscopic equations for /
the appropriate geometry. The macroscopic solutions are
scaled by a numerical facter=1+ € so that the total mass
outflow exactly balances the inflow across the upper surface;
typically e is smaller than 10°.

The method was validated by simulating the squeezing
flow of an incompressible fluid between two flat plates. Fig- 01 :
ure 2 shows that the radial velocity is axially symmetric and 0.1 1 10
proportional tor, despite the irregularities in the bounding RIH
surface caused by discrete lattice artifacts. Due to the simple

arallel geometrv of this simulation. the lubrication force OnFIG. 3. Dimensionless lubrication forc&{»VR) as a function of the as-
P g y ! pect ratioR/H for different heights. Analytic calculations indicates a power

the upper sur_face is simply the surface integration of thgaw dependence proportional tR{H)? as indicated by the dotted line. The
thermodynamic pressure at the surfadevg|,—o=0). In  simulation results are within 1% of the analytic prediction wifm1.5H.

I1l. SIMULATION METHOD

FInVR
~

H=10A
H=20A
H=30A
H=40A

4rm0
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FIG. 4. Pressure profile in a squeezing flo£40A, R=80A). Lattice— FIG. 5. Inverse permeability of a random array of solid spheres. Lattice—

Boltzmann simulationgsolid symbol$ are compared with analytic solutions  Boltzmann simulationgcircles are in good agreement with a precise mul-
of the Stokes equationsolid line9 at the upper £=H, circles and mid- tipole solution of the Stokes equatiorsolid line) (Ref. 21). The self-
plane ¢=H/2, triangle$ locations; the pressure on the upper surface andconsistent solution of the Brinkman equation for the permeability is also
lower surface are identical. Note that there is a small but significant verticashown(dotted ling (Ref. 16. The lattice—Boltzmann results are the average
variation in the pressure, which is ignored in the lubrication approximation.of ten independent configurations, and the resulting statistical errors are
This variation vanishes in the limR>H. smaller than the size of the plotting symbols.

Stokes equation.Owing to the screening of the long-range
hydrodynamic interactions, periodic unit cells containing
from 16 to 45 beads are sufficient to calculate the
Fo 377( R)B permeability’ Results for the inverse permeabilit, /K,

force on the upper and lower walls is within 1% of the
exact result,

= o (4)  scaled by the low density limiK,=3a2¢ "1, are shown in
VR 2 \H ) . .
. _ _ _ Fig. 5. The results show that the lattice—Boltzmann simula-
whenR/H=1.5 (Fig. 3). In the following simulationsR/H  tions are in perfect agreement with the multipole results for
is always greater than 1.5. The calculated pressure fieldill solids volume fractions up to 45%.

shown in Fig. 4, is in perfect agreement with the analytic  The numerical experiments described in this work were

result given in Appendix A, carried out over a range of volume fractions, from 0.5% to
p(r,2)H R\ 2 r\2 . 45%. We have found that the results do not depend on vol-
,—V: q (1— ﬁ) +6ﬁ ﬁ_l)' (5)  ume fraction, except through the effect on the permeability.

n

Thus all results are presented in terms of the Brinkman
The lubrication approximatidrf® ignores the dependence of screening lengtii= K of the medium.
the pressure om, and is only valid wherR>H.
_ The_ solid phase is introduced int_o_the lattice Boltzmannlv. RESULTS
fluid using the link bounce back collision rué?®We used
small particles, with an input radius,=2A, to maximize A colloidal suspension of polymer-coated particles has
the number of particles in the coated layer while stayingthree characteristic time scales: the time scale for the devel-
within the memory constraints imposed by our computeropment of hydrodynamic interactions on the scale of the col-
(500 MByte3. Despite the rather crude representation of thdoidal particles, 7= pa® 5, wherep is the density of the
particle surface, previous workhas shown that hydrody- solvent, which is also the relaxation time for the particle
namic interactions between suspended spheres can be weglocity m/ na~pa? »; the entanglementZimm) time of
described if the hydrodynamic radius of the particle is deterthe polymer blobr,=13/Dg= 5l3/ksT, wherelg and Dg
mined empirically. We used the sedimentation velocity of aare the size and the diffusivity of the blob; and the diffusion
single sphere in a periodic unit c&lwith a solids volume time for particle motionrp=a?/D = 5a’/kgT. For a typical
fraction of 0.4% to determine the effective radiug, case of lum particles and a 10 nm blob size, the time scales
=1.92A, which is used throughout this work. arery~1 us, 7,~10 us, andrp~1 s. On the time scale for
Flow through a porous medium composed of randomlyparticle diffusion, the polymer phase will be entangled and
distributed spheres can be characterized by a permealility, thus behave hydrodynamically as a porous medium, but on
relating the mean volumetric flow velocity, to the im-  the time scale of the relaxation of the colloidal particle ve-
posed pressure gradient, locity we may see the effect of the transition of the blob
Uo= —KV ©) dynamics from mobile to entangled. However, experimental
v P attempts have not yet been successful in observing
To verify that the particles are large enough for the purposefrequency-dependent lubrication foréé€8In this paper we
of this study we have calculated the permeabikt{p) and  have focused on squeezing flow in three different situations:
compared the results with independent numerical solutiona viscous layer filling a portion of the gap between the sur-
of high accuracy, obtained using a multipole expansion of théaces, a fixed porous layer filling a portion of the gap, and a
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FIG. 6. Lubrication force for immiscible viscous fluids in a system of height FiG. 7. Radial flow field for a two-phase viscous flol/H=0.5). The

H=50A and R=75A. Lattice—Boltzmann simulations of the lubrication gimensjonless radial velocity,(r,z)H/Vr was averaged over radial direc-

force (symbolg are compared with theoretical calculations based on thetjon and plotted as a function af For a radially homogeneous incompress-

Stokes equations using the high-frequency viscosity,¢) for each region  jpie flow v,or. Lattice—Boltzmann results at different volume fractions

(see text (solid symbol$ are compared with analytic solutiofsolid lineg using the
effective viscosity of the mediurtRef. 21).

fixed porous layer completely filling the gap. This last case
corresponds to two coated layers compressed together. In dgftcted, which prevented moving particles from approaching
cases we have used random configurations of hard spherdgp close to the wall. Thus in these simulations there was a
sampled from an equilibriunimost probablg distribution,  thin (0.2A) layer of pure fluid adjacent to the lower wall.
and cut as sharply as possible along a horizontal plane, This problem does not occur for stationary particles and for a
=L, whereL is the thickness of the coat. In the continuum porous layer of fixed particles the flow fields match very well
models we have used a step functiozatL for the particle-  (see Fig. 9.
density profile.

B. Squeezing flow over a porous coat of height, L<H
A. Squeezing flow over a viscous coat of height, L

<y At intermediate times£,<t<7p) the mobility of poly-

mer chains are restricted by the entangled conformations.

At short times y<t< ;) the polymer coat behaves as The polymer chains cannot follow the flow and the resulting
a viscous medium, because, although the hydrodynamic flofixed polymer matrix acts as a porous medium, screening the
is disturbed by the polymer phase, the screening mechanishydrodynamic interactions. Since the relaxation of the blob
caused by the restricted mobility of the blobs is not yet op-configuration only requires movement on the scale of the
erative. As a simple model of this system, we used a randorblob (10 nm), the change in the concentration profile of the
array of mobile non-Brownian beads. The beads adjust theijpolymer phase can be assumed to be negligible. Thus, we
velocities to eliminate the drag force from the surroundingassume that the entangled polymer phase behaves as a rigid
flow, but their velocities are sufficiently small that they do porous medium with permeabilitg(¢) = £2. We have again
not move a significant fraction of their radius during thetaken a random array of beads of thickneds simulate the
course of the experiment. The macroscopic property characoating, but this time the particles are fixed in place, leading
terizing the hydrodynamics of this medium is the high-to a Darcy flow within the porous layer. For the purposes of
frequency shear viscosity..( ). the macroscopic calculation we assumed that the coating was

A squeezing flow was simulated with a viscous suspena homogeneous distribution of particles with an isotropic
sion coating the lower surfad€ig. 1), and the force on the screening length. The hydrodynamic flow fields and lubrica-
upper surface and the radial flow field were measured. Wéon forces were calculated by solving the Brinkman equa-
also solved the Stokes equations at the macroscopic leveipn for the porous medium and Stokes equation for the pure
using appropriate viscosities for the pure solvemt &nd the  solvent region, with a slip boundary condition at the inter-
suspension 4..), and coupling the two regions by a slip face(see Appendix €

boundary condition at the solvent-suspension interiaee The simulated lubrication force and the radial velocity
Appendix B. The flow fields and forces were then comparedfield are compared with the Brinkman model in Figs. 8 and
with the numerical data. 9. Lubrication forcegFig. 8) are in good agreement with the

The lubrication forcéFig. 6) and the radial velocity field Brinkman model(solid line9 over a broad range of screen-
(Fig. 7) measured in the lattice Boltzmann simulations wereing length,&/L, and for different values of coat thicknesses,
in good agreement with the theoretical calculations, whichH/L. The flow fields calculated macroscopically and micro-
assume that the coated layer behaves as a macroscopic vssopically are in excellent agreement ovei&ig. 9), both
cous fluid. The small discrepancies in the flow field in thefor cases when the coat thickness is a few screening lengths
region near the lower plate are most likely the result of aand the flow fields penetrates deeply into the porous coat,
technical problem with the computer prografmow cor- and when the screening length is very short and the coat
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100 suming the expression for the lubrication force is similar to
the pure fluid case
= H 3 H 3 H 3 .
Fo \H—Ly/ (H=L+1,/ \h+I,/" 0

10 A

FIF,

whereF is the lubrication force in the absence of the coat
(L=0) andh=H-L.
Though the expression given in E() is simple, the

® L/H=05

® LH=075 location of the no-slip boundary is not always a well-defined

1 , , material property. Examples of experimental techniques for

1 10 100 1000 measuring the hydrodynamic thickness of the polymer coat
L& are the reduction of solvent flux in a flow chanAbr the

increase in the drag coefficient of a colloidal particle upon
FIG. 8. Lubrication force for an uncompressed porous layer ) for a adsorption of a polymer phase onto the surflc8 Theoret-

system of heigh=50A andR=75A. Lattice—Boltzmann simulations of . . P _
the lubrication force(symbolg are compared with theoretical calculations ical treatments of the hydrOdynamIC thlckn@S?S" have as

based on the Brinkman equati¢solid lines. F is the lubrication force of Sumed_ thf_‘“ the flow fields in the ViCir_“ty of the pqumer

the pure fluid layer I =0). The two asymptote&lotted liney are based on ~ phase is simple shear, and then determined the location of the
the limit I,=¢ in Eq. (7). Each symbol is the average of five independent gpparent no-slip boundary, based on the velocity gradient at
configurations; the statistical errors are smaller than the size of symbols. the interface between the polymer phase and the solvent

phase

behaves as a nearly impermeable layer with large velocity | ur
gradients near the interface. However, at high volume frac- = P ' 8)
tions (£<a) there are small but noticeable deviations near 2=t
the interface, which is most likely a manifestation of the factin a simple shear flow, when the density profile of the poly-
that the screening length is significantly smaller than the parmer phase is a step function, the porous medium screens the
ticle radius. It should be noted that the coatings are always dtydrodynamic interactions with an isotropic length scale of
least 1@ thick; the long screening lengthg/@~10) were  ¢. Thus the solution to E¢8) is simply|,= ¢. However, in
obtained using dilute suspensions. a squeezing flow, the penetration depth must be deeper than
When L<H the two-phase medium between the sur-in a pure shear flow, due to the presence of the pressure
faces is heterogeneous at the macroscopic length scale agehdient. Thus the hydrodynamic thickne&s, ) of the poly-
cannot be characterized by the screening length alone. Irmer phase does not describe the location of the plane where
stead, the effect of the surface heterogeneity on the hydrodyhe velocity field actually vanishes but rather the phenom-
namics is often represented by an empirical “hydrodynamicenological effect of the coat on the macroscopic hydrody-
thickness )" of the porous medium or equivalently the namics.
“penetration depth I;=L—Ly)” of the flow field into the The apparent location of the no-slip boundary can be
porous mediun? These are measures of the apparent locadetermined theoretically by matching the solution of the lu-
tion of the no-slip boundary inside the porous medium, asprication forcg Eq. (C11)] with that for the pure solveriEq.
(A6)].2” We can obtain an analytic expression for the hydro-
dynamic thickness from the solution of the Brinkman model
(see Appendix ¢

2 1/3
LH=L—|p=[1—(;> ]H, 9
x where
' 2 (H\2Hp(OH
— analytic a= = —) L) (10)
® $=001,LE= 32 3\R 7V
0.2 ® $=005Lif= 89 . . . .
A $=0.15,L1£=208 The actual expression far (or equivalently the dimension-
00 . . . v 9=030.L0=500 less pressurep(0,H)H/ V) is a complex function of./H
00 02 04 06 08 10 12 14 16 and¢/H [see Appendix C, EqC17) and(C18)].

Figure 10 shows the simulated penetration length, calcu-
lated from the lubrication force measured in the lattice Bolt-
FIG. 9. Radial flow field for a squeezing flow including a porous matrix Zmann simulations, and compares them with B). Pen-
(L/H=0.5). The dimensionless radial velocity(r,z)H/Vr was averaged  etration lengths based on the gradient of the radial velocity at

over radial direction and plotted as a functionzofLattice—Boltzmann re- : : : :
sults for different screening lengtlisolid symbol$ are compared with ana- the mterfaCE{Eq' (8)] are also shown. In the radial direction,

Iytic solutions(solid lines using the effective permeability of the medium the squeezing flow inside the_ porous m_e_dium has a driving
K=¢? (see Appendix & force from the pressure gradient in addition to the momen-

v, H/Vr
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FIG. 10. Penetration depth of a squeezing flow. The penetration Hgptts o .
been determined by fitting the simulated force to & The solid lines are ~ FIG- 11. Lubrication force for a compressed porous caat ki), with L

calculated by an analytic solution of the Brinkman equafigg. (9)] for =50A andR=75A. Lattice—Boltzmann simulationsymbols of the lubri-
coat thicknesse&/H=0.5 andL/H=0.75. The dotted line is calculated cation force are compared with the Brinkman model. F¢>1 asymptote

based on the velocity gradient at the interfd&g. (8)]. The penetration (dashed lingis from Eq.(12).
depth is a function only of the scaled heidité and coat thicknesls/£. At

large values oH/¢&, the penetration depth based on the lubrication force is

identical to that based on the velocity gradient, but for small gaps it is much

smaller. D. Squeezing flow between two coated surfaces, L>§
The numerical simulations used only a single coated sur-
face, to maximize the thickness of the porous coat in terms

tum transferred from the pure solvent region as shear stres@ the particle radiusl(>10a), thus avoiding artifacts due
As L/¢ decreases, the effect of the pressure gradient becom& an additional length scala). Here we examine the flow
dominant and makes the penetration length based origEq. Petween two coated surfaces, separated by a distdnae
diverge. However, when the coat thickness is large comparelff® limit that the coating thicknedsis large compared with
to the screening lengthL(£>1), both penetration lengths the screening lengtld. The force can be expressed in an
approach the screening length. analogous form to Eq(7)
. F [ H

C. Squeezing flow over a full porous coat, L=H F_o _(h+—2lp

When L_:H’ the medium can be r_egarded as homoge'vvhere the factor of 2 comes from the penetration of the flow
neous and isotropic on the macroscopic length scale and thﬁto each coat. When expl®)>1, we obtain a relatively

lubrication force is now a universal function blff ¢ whereé simple expression for the penetration lengsee Appendix
is the screening length that characterizes the medium. Thls)

solution to Brinkman'’s equatiofppendix Q,

3
: (13

h+2l, (. 3x°H a3 v 14
: _3W(R3 W M e (44
VR 4 \H/’ wherex=2¢/(h+2¢). If the fluid layer is sufficiently thick

[and expl/&>1], the penetration length,= ¢ is a genuine
shows that the lubrication force has simple asymptotic powematerial property, identical for both shear flow and squeeze

law dependence oH/¢ whenH> ¢, flow. As the gap between the surfaces decreases, the pressure
gradient drives the flow deeper into the porous coats, to a
FE  1/H\? depth that is no longer constant, but dependshbf=2(1
F—O= TZ(E) . (120 —x)/x. In the limit h—0 we again recover Eq12) for the

lubrication force, but more significantly, E¢L4) shows that

. o . . the h—0 limit applies whenever the gap between the sur-
In Fig. 11, the lubrication forces measured using lattice,aqh is sufficiently small that 83H/2¢> 1. Thus the pen-

Boltzmann simulations are compared with the analytic soluy ation length diverges for small gags<£), so long as the

tion to the Brinkman’s equation. Several different volume . qition expl/9)>1 is maintained. In Fig. 10 the penetra-

fractions were used to give a range of screening lengths. Thg,, jength decreases because this condition is no longer met.
guadratic dependence &fF, on H/¢ in the limit H/&>1

was predicted earli€r?® It can be seen from Figs. 8 and 11

that the Brinkman equation is valid at. surprisingly s_maII vaI—V' SUMMARY

ues ofL/¢&, even though there are noticeable deviations from

the asymptotic behavior. Our results suggest that a con- In this work we have simulated a squeezing flow be-
tinuum description is quantitatively correct for both the forcetween surfaces coated with random arrays of small particles.
and the radial flow field, even when the macroscopic coafhese coatings are idealized models for the effects of an
thickness is only a few screening lengths. adsorbed polymer layer on the flow of a viscous fluid. The
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properties of the coatings could be adjusted to model a visis filled with an incompressible viscous fluid. Scaling the

cous suspensiorimobile particles or a porous medium velocity field (v) by V, distances { andz) by H, and the

(fixed particles. pressure ) by »V/H, leads to the dimensionless Stokes
We found that macroscopic theories based on the Stokesquations,

and the Brinkman equations accurately reproduced the lubri- ~ _ S e

cation force and flow fields obtained by direct numerical YV V=0, Vv=Vp. (A1)

simulation. The comparison of the Brinkman theory with the We assume that the normal velocity componant, is

results of the numerical simulations did not involve any ad-pjenendent of radial direction, which is equivalent to ne-
ditional parameters; the viscosity in the porous medium Walecting end effects and gains validity ®&H increases.

that of the pure fluid, and the screening length was detefrop the incompressibility condition leads to a radial veloc-
mined from the bulk permeability, independently measured., - . . ~
ity that is linear in the radial distanag

The range of validity of the macroscopic equations was sur-
prising; we obtained quantitatively accurate flow field even 5 T do,
when the coat thickness was only 2 screening lengths. This v,=0,(2), v,=— > =
work suggests that discrepancies between experimental mea- dz
surement of the lubrication forte and theoretical with this form for the velocity field, the Stokes equations
calculation$ lie in the polymer statistics rather than the hy- [Eq. (A1)] simplify to
drodynamic calculation, which is based on the Brinkman _
. P &

equation. gp  rdiv,

(A2)

The penetration length, representing the effect of the j7g7; 2 d7 =0, (A3)
coating on the hydrodynamic flow field, should be calculated o _ o
from the lubrication force rather than the gradient of thewhich requiresv, to be a cubic polynomial im,
r_ad|al veloc_lty. We_ have fouqd that the concept of penetra- T,= aP+ fR+ i+ 6,
tion length is physically sensible only when both the porous (Ad)
coat and the fluid layer are thick compared with the screen- . 5
ing length[ expL/&)>1 andh> £]. When the fluid layer is of U,=— §(3a22+ 2Bz+ ).

comparable thickness to the screening length, the important
length scale is once again the gap between the plates. In thithe pressure can then be calculated, ug0B8,1)=0 as a
case the flow penetrates to the solid surfaces and the fordsbundary condition to determine the integration constant,
depends only weakly on separatifef. Eq. (4)], 3
~ a ~ ~ ~ ~
F ~R3 p= 7(—r2+ R?)+3a(z2—1)+2B(z—1). (A5)

7VR~ 8HK (15)

The coefficientse=2, B=—-3, y=6=0 are determined
although it is amplified by the inverse permeability of thefrom the no-slip conditions @&=0 andz=1.

medium,K ~ 1. The calculations in Appendix D show that the
transition region occurs when

h (H

1/3
oAy (16) = F :f~R~ e 3T, 3Ty,
& (5) F VH Odr27rrp(r,1) 7 R 2R, (AB)

The lubrication force can be calculated by surface inte-
gration of the pressure. If we use the upper surface

These results suggest that a permeable coat can substantiavl\ll}/]_ . L
modify the lubrication forces in the region when the gap ich leads to the stan.dard expression for the lubrication
between the polymer coats is smiaii~ (H¢2)®], but when force between parallel disk,
polymers on different surfaces have not yet begun to repel E 37 (R\3
each other strongly. This purely hydrodynamic effect is in m: T(E)
addition to transitions caused by changes in polymer density

as the surfaces approath.

(A7)

APPENDIX B: SQUEEZING FLOW IN IMMISCIBLE
FLUIDS
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94-02989. viscosity »' and the upper medium has a viscosity Scal-
ing the pressure in each region by the appropriate viscosity,
APPENDIX A: SQUEEZING FLOW IN A SINGLE- p=pH/»V and p’=p’'H/7»'V, the Stokes equations for
PHASE FLUID each region are
Consider two parallel disks of radil® separated by. V.v= 0,
The upper surface has a velocityV in the z direction, and — o
the lower surface is stationary. The gap between the surfaces Vp=V%& for L<z<1, (B1)
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The coefficients calculated from these boundary conditions

Vp'=V&' for 0<z<L.
are
The velocity and pressure in each region are the same as -
in Appendix A, 2L(p, "—1D)+2
a=——— (B9)
ey~ defM]
=az°+ Bz°+ yz+ 6,
— e (B2) 3Ly, 1-1)+3
"7273+72+/+/ [ r
v,=a'z?+ B+ y'z+ 4, detM] , (B10)
- T 3
v, = §(3az +2Bz+y), 3a—2p, (B11)
~ r ~ ~ ! - ! -
b=~ 53742824y, a' =9 te, B'=n'B, (B13)
3 v'=0, §=0, (B14)
p=—5a(?-R})+3a(Z-1)+2p(z-1), where
~ 3 - _ (B4) - 3L%(n '-1)+3 2L(n t-1)+2
p=—5a (r'=R%+3a’'z°+2B'z+const. D3y t-1)+30-2 T2y t-1)+20-1)
(B15)

In the numerical simulations, the integral of the pressure

over the volume of fluid is independent of velocity. We APPENDIX C: SQUEEZING FLOW IN A BRINKMAN
match this condition closely by the boundary condltlonLAYER

P(R,1)=0, Wh|ch is used as an integration constantﬁon

is determined by the stress matching condition at the inter8Xcept that the coating is a porous medium with screening

face {z=T). This additional pressure is due to the assumplengglluﬁd flow in this system can be described by the Stokes
tion thato, is independent of radial direction, and is negli- equation in the upper region and the Brinkman equation for
gible whenR/H>1.

the flow in the lower porous region,
The lubrication force can again be calculated by integrat- P 9

ing the pressure on either surface, V.v=0, (CY)
f dr 27Trp(r 1)_ 7711,"[:'{4 (BS) %E:%Z\; for E<E< 1, (CZ)
_ - v - -
as in Eq.(A6). Vp' = —~—2+V2\7’ for 0<z<L. (C3)
The boundary conditions for determining the coefficients 3

in Eq. (B2) are no slip az=0 andz=1, and continuity of If we again neglect end effects, is independent of,
velocity and stress along the interface=<(L). Since the  4nq 42p/,r 7z=0 for both the viscous and porous regions.
equation forp’ [Eq. (B4)] has an undetermined constant, we Then, Eq(C3) can be simplified to a fourth order differential
match the radial gradient of pressurep(ar—ap /ar) in- equation foer'

stead of the normal stress; the constant can be determined by

also matching pressures aL. The boundary conditions

can be simplified to conditions an, and its derivatives us-
ing Egs.(B2) and(B3),

(C4

Velocity fields satisfying the no-slip boundary conditions

N dv, - atz=0 and 1 are,
v,=—1, —=0 at z=1, (B6) B B B
dz 7,=aZ’+ 22— (3a+2B)7+2a+ B—1, (C5)
~_ dv,’ _ _ - ~ ~~ [a—b\<
vz =Y T =0 at z=0, (B7) v,/ =ae’i+be i = z—a—b, (C6)
-~ ., du, dy d%, d%, T,
v,=0,, —==—%=, = : = __ L a3,
2= Uz ) 77d2~2 n a5 Ur 2(3a2 +2Bz—3a—2p8), (C?)
(B8) -
L 7,/ =— —(ae’t—be #E-atb) (C9)
= al Z=1L. v, =— —=I(a —De —a ,
(e Y
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and Eq.(C2) and Eq.(CJ) give pressure fields The coefficients in EqS(C5) and (C6) are obtained by
matching velocity, tangential velocity, and pressie z

p=—3a(r>-R?+3a(z2-1)+2B(z— 1), C9 2 ~
P 2ol )+ 3al )+ 2580 ) €9 =L). Again we write the boundary conditions in termsugf

~ a—b .. . 1|a—h. - and its derivativegsee Eq.(B8)],
p'=——=(r’~R)+ ) —=7Z°+(a+h)z
4¢ 2| 2¢ 5,27, (C13
+const, (C10 - -
-~ dv, du,
where p(R,1)=0 is used as the boundary condition. The i (C19

constant term in the equation f@ can be determined by
matching pressures at=L. = 4%
z

The lubrication force can be again calculated from the == (C1H
surface integral op(r,1) on the upper surface, d°z  dz

~ 3o~ 3> 35 5!

F=—f R (C11) dv, d%,” 1 dvz (C16

dz  d%z  £du,
but the force on the lower surface also includes the force on o o
the stationary particles composing the porous matrix. ComJ he coefficient of the pressure, is given by
paring Eq.(C1)) with Eq. (A7), the hydrodynamic thickness

of the coat[see Eq(7)] can also be calculated, . —2¢{eYS(L-E-1)+e VL +E-1)} €17

2\ 13 def N]
LH:[l_(E> ]H. (C12

where

(32<L1+2”51+222)+e1’3(L2—6753> DE(Ly+E) +eHE(L,— 282
N\ —SHL,-ZH A4 2B+ e VAL, 68) —2E(Ly- e VL2

_ (C18
|
L,=T2-1,L,=03-30[+2, Ls=T—1 Velocities satisfying the no-slip boundary condition at
and z=0 and mirror symmetry in the plare=1 are
L,=T2-2[+1. v,=az’—3a7%+ yz+2a— 1y, (DY)
When the space between the surfaces is filled with the . —— [a=pb\_ 1
porous medium{=1), L;=L,=Lz=L,=0. In the limit v,=ae’t+be 7t~ = z—a—b+z, (D2)
L>¢, a can be approximated by €8) !, and Eq.(C11)
becomes T
Eo- R 5r=—§(3a~22—6a~z+ ), (D3)
F= 77VH:§§2H2’ (19 ~
- ro =z =iz
so that v, =- Z—E(aez"f—befz’f—awt b), (D4)
F o 1[H\?
Fo 1202/ (C20  with pressure fields similar to those in Appendix C,
D= — 30(F2—B2)+3a(F2—1)—6a(7—
APPENDIX D: SQUEEZING FLOW BETWEEN TWO p=—2a(r"=R)+3a(z"~1)~6a(z~1), (®S)
BRINKMAN LAYERS
~, a—b~2 =, 1 a—b,2 1\~
The geometry is the same as in Appendix C, except thal =~ 43 (r"-R )+~§_2 z°+|a+b— 7%
the upper boundary is now a mirror plane,€dv,/dz
=0), rather than a rigid wall. If we scale the length Hy2 + const. (D6)

rather thanH, then the scaled equations are the same as in . ) )
Appendix C. We consider that the walls are approaching 1he coefficients in EqsiD1) and (D2) are obtained by

each other with a relative velocily, so that thez velocity on ~ matching velocity, tangential velocity, and pressueg z
the lower wall isV/2. =L), and solving the resulting equations gives an expression
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